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Abstract
We construct a supersymmetric model for leptons and quarks with the flavor symmetry
∆(384) and CP. The peculiar features of lepton and quark mixing are accomplished by the
stepwise breaking of the flavor and CP symmetry. The correct description of lepton mixing angles
requires two steps of symmetry breaking, where tri-bimaximal mixing arises after the first step.
In the quark sector the Cabibbo angle θC equals sinπ/16 ≈ 0.195 after the first step of symmetry
breaking and it is brought into full agreement with experimental data after the second step. The
two remaining quark mixing angles are generated after the third step of symmetry breaking. All
three leptonic CP phases are predicted, sin δl ≈ −0.936, | sinα| = | sinβ| = 1/√2. The amount
of CP violation in the quark sector turns out to be maximal at the lowest order and is correctly
accounted for, when higher order effects are included. Charged fermion masses are reproduced
with the help of operators with different numbers of flavor (and CP) symmetry breaking fields.
Light neutrino masses, arising from the type-I seesaw mechanism, can accommodate both mass
orderings, normal and inverted. The vacuum alignment of the flavor (and CP) symmetry breaking
fields is discussed at leading and at higher order.
1 Introduction
Crucial features of the elementary fermions, such as the hierarchy among the charged fermion
masses, the pattern of lepton and quark mixing and the striking difference between these two,
cannot be explained in the Standard Model (SM), but are only encoded in free parameters, the
Yukawa couplings. In many extensions of the SM, these couplings can be constrained and related
to each other with the help of symmetries such that fermion masses and mixing can be explained.
Their values crucially depend on the choice of the symmetry, the transformation properties of the
different generations of elementary fermions and the breaking of the symmetries. A particular type
of symmetries that turned out to be very useful in the description of fermion mixing angles are
non-abelian discrete groups that are broken in a non-trivial way [1–3] (see [4–7] for reviews). As
has been shown in [8],1 if combined with a CP symmetry, these can also constrain all CP phases,
of Dirac as well as Majorana type.
One class of non-abelian discrete groups that has been identified as very interesting are the
series of groups ∆(3n2) and ∆(6n2) with n being an integer, see e.g. [7, 12, 13]. They turn out to
be capable of correctly describing lepton mixing for several choices of n and residual symmetries in
the charged lepton and neutrino sectors [14–17]. When combined with a CP symmetry, they do not
only lead to a correct description of lepton mixing angles, but also can make interesting predictions
for leptonic CP phases [18–20]. In addition, for certain indices n and when broken non-trivially the
flavor groups ∆(3n2) and ∆(6n2) can also describe the main features of quark mixing [16, 21–23].
This has recently also been studied and confirmed in the presence of a CP symmetry [24,25].
In the following, we present a supersymmetric (SUSY) model with the flavor symmetry ∆(384)
and CP. This model is an extension of the minimal SUSY SM (MSSM) with three right-handed
(RH) neutrinos νc, fields responsible for the spontaneous breaking of the flavor (and CP) symmetry
(flavons) and fields needed for the alignment of the vacuum of the flavons (driving fields). The flavor
and CP symmetry are broken in several steps in the charged lepton, neutrino and up quark as well
as down quark sector. In order to facilitate this symmetry breaking sequence and to segregate the
different sectors of the theory better, three (external) cyclic groups, Z
(ext)
2 , Z
(ext)
3 and Z
(ext)
16 are also
part of the flavor symmetry Gf . This stepwise symmetry breaking is crucial for obtaining a correct
description of all mixing angles and CP violation in the lepton and quark sector.
The mismatch of the residual Z3 symmetry, preserved among charged leptons, and the Klein
group and CP symmetry, left intact in the neutrino and up quark sector, leads to lepton mixing that
is tri-bimaximal (TB) [26, 27]. This pattern is made fully compatible with current data on lepton
mixing [28] in a second step of symmetry breaking, in which the Klein group is reduced to a single
Z2 symmetry in the neutrino sector, while keeping CP intact. In addition to the correct description
of the three lepton mixing angles, we predict all three CP phases in the lepton sector. The Dirac
phase δl fulfils sin δl ≈ −0.936, meaning δl is close to 3π/2, as hinted at by the experimental
data [28], while for both Majorana phases α and β we find | sinα| = | sin β| = 1/√2. These results
agree with those, obtained in a model-independent analysis of mixing patterns that originate from
a flavor symmetry ∆(3n2) or ∆(6n2) and CP, if the latter are broken to a residual Z3 symmetry
among charged leptons and to Z2 × CP in the neutrino sector [18,19].
In the quark sector, the mismatch of the residual Klein group and CP symmetry, present in the
up quark sector, and the residual Z16 group, maintained in the down quark sector after the first
step of symmetry breaking, gives rise to the Cabibbo angle θC being sinπ/16 ≈ 0.195, while the
two smaller quark mixing angles θq13 and θ
q
23 vanish. This possibility to generate the Cabibbo angle
together with zero θq13 and θ
q
23 has been pointed out in [21]. In the second step of symmetry breaking
the Z16 group is reduced to a Z8 symmetry in the down quark sector, while the Klein group and
CP symmetry are left intact among up quarks. In this way, the Cabibbo angle is brought into full
agreement with experimental data [29]. The complete breaking of the flavor and CP symmetry,
which dominantly occurs in the down quark sector, induces in the third step of symmetry breaking
θq13 and θ
q
23 of the correct size [29], while the symmetry breaking in the up quark sector only gives
1See also [9–11] for constraints regarding the choice of the CP symmetry.
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rise to minor corrections. Due to this the Jarlskog invariant JqCP depends at the lowest order only on
parameters, originating from the down quark sector. The phases of the latter are crucial for the size
of JqCP and are controlled by the symmetries of the model and by the leading order vacuum of two
flavons that both leave the CP symmetry intact. In this way, maximal CP violation in the quark
sector is obtained at lowest order. This is brought into full agreement with experimental data [29],
once higher order terms are taken into account.
The symmetry breaking sequence, implemented in the present model, is not the only possible one
in order to successfully describe lepton and quark mixing. A model-independent discussion of further
possible symmetry breaking sequences of this type can be found in [30]. The symmetry breaking
pattern in this model is different from the ones explored in [24, 25], where residual symmetries of
the form Z2 × CP , Zm or CP only are assumed.
The charged fermion mass hierarchies are generated via operators with different numbers of
flavons in this model [31]. Since left-handed (LH) lepton and quark doublets are both unified
in irreducible three-dimensional representations of the flavor symmetry ∆(384) and RH charged
fermions transform as singlets, all charged fermion masses arise at the non-renormalizable level,
including the top quark mass. A moderately mild suppression of the vacuum expectation value of
the relevant flavon together with a Yukawa coupling of order 2 to 3 is, however, sufficient in order to
achieve the correct size of the top quark mass. While charged lepton masses and masses for quarks
of the second and third generation are generated after the first step of symmetry breaking, up and
down quark masses only arise after the third step. RH neutrino masses are expected to be larger
than a few 1011GeV. As these dominantly depend on three independent parameters, also light
neutrino masses do so and, consequently, both light neutrino mass orderings, normal and inverted,
can be accommodated in this model.
The paper is structured as follows: in section 2 we present an outline of the model, comprising
the relevant symmetries of the model, the transformation properties of the MSSM superfields and νc,
the different steps of the flavor and CP symmetry breaking and the results for fermion masses and
mixing. We also mention the flavons and their leading order vacuum, needed in order to achieve
the desired flavor and CP symmetry breaking, and display the form of their vacuum at higher
order. In sections 3 and 4 we discuss in detail the results in the lepton and quark sectors at leading
and at higher order. We show the fermion masses and mixing, arising after the different steps of
symmetry breaking, and match these to the results of the model-independent study of different
symmetry breaking sequences, performed in [30]. Section 5 is dedicated to the construction of
the flavon potential that is responsible for the alignment of the vacuum of the flavons at leading
and at higher order. A U(1)R symmetry is employed in this section and the driving fields are
specified. Furthermore, the additional symmetries Z
(add),1
3 and Z
(add),2
3 are introduced which are
necessary for the alignment of the leading order vacuum of the flavons, responsible for the first step
of symmetry breaking in the down quark sector. We also discuss instances, in which an ultraviolet
(UV) completion of certain operators of the effective theory is required. We summarize and give an
outlook in section 6. Details of the flavor symmetry ∆(384) are found in appendix A, the choice
of the CP symmetry and the form of the CP transformation in the different representations of the
flavor group are contained in appendix B and the conventions for fermion mixing and the form of
the CP invariants JCP, I1 and I2 are shown in appendix C.
2 Outline of Model
We consider a SUSY extension of the SM with three RH neutrinos νc. In order to explain the flavor
structure of fermion masses and mixing in the lepton and the quark sector, we employ a discrete,
non-abelian flavor and a CP symmetry. The flavor (and CP) sector is described in terms of an
effective field theory with the cutoff scale of the theory being Λ. The latter is expected to be of the
order of 1013GeV, see estimate in Eq. (35). The invariance of the operators in the superpotential
under the symmetries of the model is achieved by the insertion of an appropriate number of flavons.
In the following, we outline the most important features of the model: its symmetries and
2
∆(384) × Z(ext)2 × Z(ext)3 × Z(ext)16 and CP
Gl = Z
(diag)
3
no residual
TB mixing
Gν,1 = Gu = Z
(diag),1
2 × Z(diag),22 ×CP
Gν,2 = Z2 ×CP
no residual
θ13 6= 0
no residual
Gd,1 = Z
(diag)
16
Gd,2 = Z8
no residual
θq13 6= 0,
θq23 6= 0
|Vus| = 0.22452
θC = sinπ/16
Figure 1: Stepwise breaking ofGf and CP The stepwise breaking of the flavor and CP symmetry
in the different sectors of the theory is illustrated together with the resulting lepton and quark
mixing.
their breaking in the different sectors of the theory and in different steps, the fields and their
transformation properties under these symmetries and the main results regarding fermion masses
and mixing.
The flavor symmetry Gf of the model is the direct product of ∆(384), belonging to the series
of groups ∆(6n2), n integer, [13] and the three external symmetries Z
(ext)
2 , Z
(ext)
3 and Z
(ext)
16
Gf = ∆(384) × Z(ext)2 × Z(ext)3 × Z(ext)16 . (1)
The non-abelian part of Gf and its different residual symmetries are responsible for the features
of lepton and quark mixing. The abelian part of Gf is relevant for distinguishing the different
generations of RH fermions, for breaking to the desired residual symmetry as well as for forbidding
certain unwanted operators. It also controls the mass hierarchy among charged fermions that is
generated via operators with different numbers of flavons, see e.g. Eq. (23).
The residual symmetries preserved in the different sectors of the theory are crucial for achieving
the correct fermion mixing. Lepton mixing is connected to the mismatch of the residual symmetries
Gl and Gν in the charged lepton and neutrino sectors, respectively. These are chosen as
Gl = Z
(diag)
3 and Gν,1 = Z
(diag),1
2 × Z(diag),22 × CP (2)
in the first step of symmetry breaking and lead to TB lepton mixing, see figure 1. The group
Z
(diag)
3 denotes the diagonal subgroup of the Z3 symmetry, generated by a of the group ∆(384),
see appendix A, and the external group Z
(ext)
3 , while Z
(diag),1
2 is the diagonal subgroup of the Z2
group, arising from the generator a b of ∆(384), and Z
(ext)
2 and Z
(diag),2
2 is the diagonal subgroup of
the Z2 symmetry, generated by c
4 of ∆(384), and the Z2 symmetry, arising from z
8 with z being
the generator of Z
(ext)
16 . The CP symmetry corresponds to the automorphism given in Eq. (161)
conjugated with the group element c3 d6, which is equivalent to the choice s = 7 in Eq. (163) in
appendix B. As shown in a model-independent way in [18, 30], this choice of s leads to a realistic
description of lepton mixing.
In the second step of symmetry breaking the residual group in the neutrino sector is reduced to
Gν,2 = Z2 × CP , (3)
where Z2 is generated by the third non-trivial element contained in the Klein group Z
(diag),1
2 ×
Z
(diag),2
2 . Upon this breaking a single free real parameter θ enters the lepton mixing matrix. This
3
Q uc cc tc dc sc bc L ec µc τ c νc hu hd
∆(384) 31 1
− 1 1− 1 1− 1 34 1− 1 1 37 1 1
Z
(ext)
2 + + + − + + + + + + + + + +
Z
(ext)
3 1 ω
2 1 1 1 1 1 ω ω2 1 ω 1 1 1
Z
(ext)
16 1 ω
11
16 ω
2
16 ω
5
16 ω
9
16 ω
7
16 ω
2
16 ω
8
16 ω
8
16 ω
8
16 ω
8
16 ω
7
16 ω
9
16 1
Table 1: Transformation properties of MSSM superfields and three RH neutrinos νc Summary
of the transformation properties of the MSSM superfields and the three RH neutrinos νc under the flavor
symmetry Gf = ∆(384)× Z(ext)2 × Z(ext)3 × Z(ext)16 . Their Z(ext)3 charge is given in terms of the third root of
unity ω = e2pi i/3 and the Z
(ext)
16 charge in terms of ω16 = e
2pi i/16. In addition to the shown symmetries and
the gauge symmetries, these fields also possess a U(1)R symmetry. All MSSM superfields with SM fermions
or RH neutrinos have U(1)R charge +1, while hu and hd have no U(1)R charge.
parameter is not fixed by the residual symmetries, but its size is determined by the ratio of the
higher order contribution to the leading order one, which is of the appropriate size in the presented
model, see Eqs. (13), (29) and (38). The resulting values for the lepton mixing angles are in good
agreement with the experimental data and the Dirac phase δl accommodates well the existing hint
for δl close to 3π/2 [28]. Both Majorana phases α and β are predicted as well, see section 3.1.
Including contributions from higher order operators, breaking all residual symmetries, only leads to
small corrections to the obtained lepton mixing pattern, as is explicitly shown in section 3.2.
In the quark sector the flavor and CP symmetries are also broken in different steps. In the first
step of this breaking the residual group Gu among up quarks is the same as in the neutrino sector
Gu = Gν,1 and Gd,1 = Z
(diag)
16 , (4)
where Z
(diag)
16 is the diagonal subgroup coming from the Z16 symmetry, generated by a b d of ∆(384),
and Z
(ext)
16 . At this stage of symmetry breaking we obtain for the Cabibbo angle θC = sinπ/16 ≈
0.195, which is close to the experimental best fit value, but outside the experimentally preferred 3σ
range [29]. In the second step of symmetry breaking the residual group Gd,1 among down quarks is
further broken to
Gd,2 = Z8 , (5)
originating from y2 with y being the generator of Gd,1. The residual symmetry in the up quark
sector instead remains untouched. The Cabibbo angle can be brought into full accordance with
the experimental data, since the ratio between the contribution arising from the second step of
symmetry breaking to the one from the first step is of the correct size λ2, see Eqs. (68), (73) and
(78). Eventually, all residual symmetries are broken among quarks. This symmetry breaking occurs
dominantly in the down quark sector, such that this sector is responsible for the generation of the
two remaining quark mixing angles, see Eqs. (89) and (95). The value of the Jarlskog invariant JqCP
becomes physical, when all mixing angles turn to be non-zero. We find that CP violation is maximal
at the lowest order in the quark sector, see Eqs. (96) and (97), and corrections are of relative order
λ, see Eq. (98), leading to JqCP being in full accordance with the experimental results [29]. As one
can infer from Eqs. (9), (19), (89) and (97), the amount of CP violation crucially depends on the
phases of the leading order vacuum of the flavons ψ and ηu.
While the charged lepton and light neutrino masses and the masses of the second and third
generation of quarks are generated after the first step of symmetry breaking, see sections 3.1 and 4.1,
up and down quark masses only arise after the third step of symmetry breaking, see Eqs. (83), (86),
(91) and (93) in section 4.2.
In order to achieve the outlined symmetry breaking in the charged lepton sector and to accom-
modate the size of the charged lepton masses correctly we assign the three generations of LH lepton
doublets Li to the irreducible, unfaithful, real representation 34 and the RH charged leptons e
c, µc
4
φu κu ξu ηu φd χd χl φl ψ ζ
∆(384) 3−7 3
−
1 32 35 37 61 2 34 31 35
Z
(ext)
2 − − + + + + + + + +
Z
(ext)
3 1 1 1 1 1 1 ω ω 1 ω
2
Z
(ext)
16 ω
2
16 ω16 ω
2
16 1 ω
14
16 ω
11
16 1 1 ω
15
16 ω
8
16
Table 2: Transformation properties of flavons Summary of the transformation properties of the flavons
under the flavor symmetry Gf = ∆(384)×Z(ext)2 ×Z(ext)3 ×Z(ext)16 . Their Z(ext)3 charge is given in terms of the
third root of unity ω = e2 pi i/3 and the Z
(ext)
16 charge in terms of ω16 = e
2pi i/16. None of these fields transforms
non-trivially under the gauge symmetries. Under the U(1)R symmetry these fields also have vanishing charge.
and τ c to singlets of ∆(384) with different charges under Z
(ext)
3 , as shown in table 1. In this way
the tau lepton mass arises from an operator with one flavon φl, while two and three flavons of the
set {χl, φl} have to be inserted, in order to obtain the correct muon and electron mass, respectively,
see Eq. (23). At the same time, the leading order vacuum of these flavons preserves the residual
symmetry Gl,
2 as χl ∼ (2,+, ω, 1) and φl ∼ (34,+, ω, 1), see table 2, acquire a vacuum of the form
〈χl〉 = xχl
(
0
1
)
and 〈φl〉 = xφl

 ω2ω
1

 (6)
with xχl and xφl being in general complex and ω = e
2 π i/3. Here and in the following we do
not mention external symmetries that are trivially preserved by the vacuum of the flavons, since
the latter do not transform under these symmetries, like Z
(ext)
2 and Z
(ext)
16 that are not broken by
the vacuum of χl and φl, because these are not charged under these symmetries. The orders of
magnitude of the parameters xχl and xφl in terms of the cutoff scale Λ of the theory are determined
by the requirement to correctly accommodate the charged lepton mass hierarchy, in particular the
ratio of the electron and muon mass to the tau lepton mass,
|xχl |
Λ
,
|xφl |
Λ
≈ λ2 with λ ≈ 0.2 . (7)
In turn, the correct size of the tau lepton mass that is generated at the level of one flavon insertion
is achieved for small to moderate values of tan β = 〈hu〉/〈hd〉.
In the neutrino sector the residual group Gν,1 is left intact after the first step of symmetry
breaking, and further broken to Gν,2 in a second step. Light neutrino masses are generated via the
type-I seesaw mechanism [32–35] in this model and hence both the Dirac neutrino mass matrix mD
and the Majorana mass matrix MR of RH neutrinos encode the flavor symmetry breaking. The
three RH neutrinos νci are assigned to the irreducible, faithful, complex representation 37. Their
Majorana masses mainly arise from insertions of one, two and three flavons of the set
{
κu, ξu, ηu
}
,
see Eqs. (29) and (38). The flavons κu ∼ (3−1 ,−, 1, ω16) and ξu ∼ (32,+, 1, ω216) have a leading order
vacuum of the form
〈κu〉 = ω316 vκu

 11
0

 and 〈ξu〉 = ω616

 vξu,1vξu,1
ω616 vξu,2

 (8)
2The actual subgroup of Gf left invariant by the leading order vacuum of the flavons χl and φl is larger than Gl,
since c2 and d2 of ∆(384) are both represented by the identity matrix, see [13] and Eq. (150) in appendix A. This can
be traced back to the fact that both representations, 2 and 34, are unfaithful. Indeed, the smallest group ∆(6n
2),
containing both these representations, is found for n = 2, i.e. ∆(24) which is isomorphic to the permutation group
S4. However, for the different steps of symmetry breaking and the results for fermion masses and mixing this is not
relevant.
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with ω16 = e
2 π i/16, that leaves Gν,1 invariant, while the vacuum of the flavon ηu ∼ (35,+, 1, 1) is
〈ηu〉 = ω716

 −vηu,1vηu,1
ω1116 vηu,2

 (9)
at leading order and leaves – together with 〈κu〉 and 〈ξu〉 – Gν,2 invariant. Note that the parameters
vκu, vξu,i and vηu,i, i = 1, 2, are real and fixed phases appear. These are due to the preservation of
CP in the neutrino sector in the first and second step of symmetry breaking. As LH lepton doublets
are in 34, while RH neutrinos are assigned to 37, the generation of mD also requires the insertion
of (at least) one flavon, see Eq. (27). The flavon ζ ∼ (35,+, ω2, ω816) contributes dominantly to mD,
upon acquiring the vacuum
〈ζ〉 =

 vζ,1vζ,1
vζ,2

 (10)
at leading order. This vacuum leaves the Z2 symmetry of ∆(384) invariant, that is generated through
the element a b. We require that vζ,1 and vζ,2 are both real. As one can check, such requirement
does not arise from the residual CP symmetry in the neutrino sector, but is compatible with the
CP symmetry corresponding to the automorphism in Eq. (161) in appendix B. The size of vζ,i is
taken to be
vζ,i
Λ
≈ λ2 for i = 1, 2 (11)
in order not to suppress light neutrino masses too much and, at the same time, keep possible
higher order terms, inducing (too large) symmetry breaking contributions to the other fermion
mass matrices and in the flavon potential, under control. Although the leading order vacuum of the
flavon ζ only preserves one Z2 subgroup of ∆(384) and is invariant under a different CP symmetry
than the vacuum of the other flavons, mainly contributing to the RH neutrino mass matrix MR,
the light neutrino mass matrix mν , generated via the type-I seesaw mechanism, is shown to possess
Gν,1 and Gν,2 as symmetry, depending on whether or not operators with ηu and up to the insertion
of three flavons are considered, see discussion in section 3.1. The relative size of the parameters vκu
and vξu,i is determined by the requirement to achieve a realistic, non-hierarchical, light neutrino
mass spectrum to be
vξu,i
Λ
≃
(vκu
Λ
)2
for i = 1, 2 , (12)
compare Eqs. (29) and (34), while the order of vηu,i is
vηu,i
Λ
≈ λ , (13)
since this fixes the size of the reactor mixing angle, arising from the second step of symmetry
breaking from Gν,1 to Gν,2, see Eqs. (38), (46) and (48).
Also in the up quark sector the residual group, preserved in the first step of symmetry breaking,
is Gu = Gν,1, see figure 1. As LH quark doublets Qi are assigned to the irreducible, faithful, three-
dimensional representation 31 and RH up quarks to singlets of Gf , the insertion of one flavon is also
needed for the generation of the top quark mass, see Eq. (64). This flavon is φu ∼ (3−7 ,−, 1, ω216)
and its leading order vacuum is of the form
〈φu〉 = ω616 vφu

 00
1

 , (14)
leaving Gu = Gν,1 invariant together with the vacuum of the flavons κu and ξu, as shown in Eq. (8).
Like for vκu and vξu,i, i = 1, 2, the inclusion of the CP symmetry in Gu = Gν,1 is responsible for
the appearance of the fixed phase in the vacuum of φu. Since the top quark mass arises from an
operator with the flavon φu, the parameter vφu should not be too suppressed. At the same time,
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it should not lead to too large corrections, when φu appears in higher order operators, having an
impact on other parts of the model. We thus choose in the following
vφu
Λ
≈ λ . (15)
A Yukawa coupling of order 2 to 3 is then sufficient for achieving the correct size of the top quark
mass, as expected in a SUSY model with small/moderate values of tan β at high energies [36]. After
the first step of symmetry breaking also the mass of the charm quark is generated from an operator
with the three flavons φu, κu and ξu, see Eq. (64). Together with the constraints, shown in Eqs. (12)
and (15), this leads to an appropriate size of the parameters vκu and vξu,i in terms of the cutoff
scale Λ being
vκu
Λ
≈ λ and vξu,i
Λ
≈ λ2 . (16)
In the down quark sector Gf and CP are broken to the residual symmetry Gd,1 by the leading order
vacuum of the two flavons φd ∼ (37,+, 1, ω1416) and χd ∼ (61,+, 1, ω1116), which reads
〈φd〉 = xφd

 00
1

 and 〈χd〉 = xχd


ω916
0
0
0
1
0


. (17)
As Gd,1 does not contain a CP symmetry, the parameters xφd and xχd are in general complex. The
size of the parameter xφd is fixed by the bottom quark mass, see Eq. (68), and the constraint that
tan β has a small to moderate value, while the size of xχd is determined by the ratio of the strange
to the bottom quark mass, see Eq. (68). We thus expect
|xφd |
Λ
,
|xχd |
Λ
≈ λ2 . (18)
At this stage of symmetry breaking in the quark sector with Gu and Gd,1 being the residual sym-
metries we generate the Cabibbo angle of the size θC = sinπ/16 ≈ 0.195, see Eq. (72).
The second step of symmetry breaking is achieved among down quarks and reduces Gd,1 to Gd,2,
see figure 1. This symmetry appears effectively in the down quark mass matrix md and the flavon
ψ plays a crucial role, see Eq. (73). It transforms as ψ ∼ (31,+, 1, ω1516) and takes a leading order
vacuum of the form
〈ψ〉 = ω316

 vψ,1vψ,1
ω716 vψ,2

 (19)
with vψ,i, i = 1, 2, being real parameters. The vacuum of this flavon preserves the residual symmetry
Z
(diag),1
2 and CP,
3 although it neither couples at relevant order to the neutrino nor to the up quark
sector. It contributes quadratically and in combination with the flavon χd to the second column
of the down quark mass matrix md and leads to md (effectively) preserving Gd,2, see Eq. (73).
Since this step of symmetry breaking shall bring the Cabibbo angle into full accordance with the
experimental data [29], the contribution related to ψ has to have an adequate suppression with
respect to the leading order term, containing φd and χd, see Eq. (68). The size of the parameters
vψ,i is thus fixed to
vψ,i
Λ
≈ λ2 for i = 1, 2 . (20)
For details see discussion in section 4.1. We note that the size of the vacuum of all flavons, if it is
non-vanishing at leading order, is either λ or λ2 in units of the cutoff scale Λ. Hence, we use λ as
expansion parameter throughout the analysis.
3Since ψ does not carry any non-trivial charge under Z
(ext)
2 , it indeed leaves the Z2 subgroup of ∆(384) invariant,
generated by the element a b.
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At higher order both residual symmetries Gu and Gd,2 are broken, see section 4.2. This leads
to the generation of the down and up quark masses of the correct size via multi-flavon insertions
with at least three and four flavons, respectively, see Eqs. (91) and (83). Due to the choice of
transformation properties of the MSSM superfields, flavons and choice of symmetries of the model,
see tables 1 and 2, the symmetry breaking occurs dominantly in the down quark sector at the third
step. Thus, the two remaining quark mixing angles are generated by contributions from higher order
operators to the down quark mass matrix. Again, the flavon ψ is crucial and appears quadratically
in the two relevant operators, leading to the quark mixing angles θq23 and θ
q
13 of the correct size, see
Eqs. (89) and (95). Upon generating all quark mixing angles also CP violation becomes physical
and we find it to be maximal at leading order, see Eqs. (96) and (97). The latter feature crucially
depends on the phases of the leading order vacuum of the flavons ηu and ψ, which are constrained
by the residual CP symmetry, compare Eqs. (9) and (19). Corrections at relative order λ to the
Jarlskog invariant JqCP, see Eq. (98), make the latter fully compatible with experimental results [29].
Following the construction in [37], we assume the existence of a U(1)R symmetry.
4 Superfields
with SM fermions and the fields νc carry U(1)R charge +1, while fields whose scalar components
acquire a non-vanishing vacuum expectation value, i.e. all flavons and the MSSM fields hu and hd,
have no U(1)R charge. In this way, all Yukawa couplings, see e.g. in Eq. (23), are invariant under
the U(1)R symmetry. In addition to the fields in tables 1 and 2, we introduce so-called driving
fields, see tables 3 and 4 in section 5. These have U(1)R charge +2 and appear linearly in the
flavon potential, see e.g. Eq. (99), but not in Yukawa couplings. We assume that the flavor and
CP symmetry are broken at a high energy scale, where SUSY is still intact. The vanishing of the
F -terms of the driving fields then aligns the vacuum of the flavons, see e.g. Eq. (100). At the
same time, the F -term equations of the latter constrain the vacuum of the driving fields and, in
particular, allow for a solution, where all driving fields have vanishing vacuum expectation values.
Higher order operators in the flavon potential lead to shifts in the vacuum of the flavons, see e.g.
Eqs. (113)-(115), signalling the breaking of the residual symmetries. The vacuum of the different
flavons reads at higher order
〈χl〉 =
(
δxχl,1
xχl + δxχl,2
)
, 〈φl〉 =


ω2
(
xφl + δxφl,1
)
ω
(
xφl + δxφl,2
)
xφl

 ,
〈κu〉 = ω316

 vκuvκu
δxκu,3

 , 〈ξu〉 = ω616

 vξu,1 + δxξu,1vξu,1 + δxξu,2
ω616 vξu,2

 , 〈ηu〉 = ω716

 −vηu,1 + δxηu,1vηu,1 + δxηu,2
ω1116 (vηu,2 + δxηu,3)

 ,
〈φu〉 = ω616

 δxφu,1δxφu,2
vφu

 , 〈φd〉 =

 δxφd,1δxφd,2
xφd

 , 〈χd〉 =


ω916 xχd
δxχd,2
δxχd,3
δxχd,4
xχd
δxχd,6


(21)
with
|δxχl,i|
Λ
,
|δxφl,j |
Λ
≈ λ5 , |δxφu,i|
Λ
,
|δxκu,3|
Λ
≈ λ7 , |δxξu,i|
Λ
≈ λ5 , |δxηu,i|
Λ
≈ λ4 ,
δxφd,1(2)
Λ
= ω1316 (aδφd + (−) bδφd λ) λ4 ,
|δxχd,2|
Λ
,
|δxχd,6|
Λ
≈ λ3 and |δxχd,3|
Λ
,
|δxχd,4|
Λ
≈ λ4 . (22)
We note that occasionally it turns out to be necessary to enlarge the symmetries of the model
beyond those, displayed in Eq. (1) and CP, in order to construct the flavon potential, as is discussed
in section 5.3. Furthermore, the achievement of certain phases in the leading order vacuum of the
4In principle, one can replace the U(1)R symmetry by a suitable (cyclic) subgroup.
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flavons, see e.g. Eqs. (9) and (14), requires in some cases the consideration of a UV completion.
Since the peculiar form of the leading order vacuum of the flavons ψ and ζ, see Eqs. (19) and (10),
is also achieved with the help of a UV completion, we do not consider shifts in their vacuum. The
UV completion (of parts of the model) entails the existence of further fields with U(1)R charges 0
and +2, see section 5.4 for details.
3 Lepton Sector
In this section we discuss in detail the results for leptons at leading and at higher order. We detail
the operators relevant at the different orders and their contributions to the charged lepton and Dirac
neutrino mass matrix as well as to the Majorana mass matrix for RH neutrinos. These contributions
can either arise from operators with the leading order vacuum of the flavons inserted, as given in
e.g. Eqs. (23) and (54), or from those, where the shifts in the vacuum of the flavons are taken into
account, e.g. Eq. (23) together with Eqs. (21) and (22). We give all mass matrices in an effective
parametrization that encodes all phenomenologically relevant contributions, see e.g. Eqs. (24) and
(55), and compute charged lepton masses, light and heavy neutrino masses and lepton mixing
parameters at leading and at higher order, see e.g. Eqs. (26) and (56). We also comment on the
residual symmetries that the different mass matrices preserve and how our findings match the results
found in the literature [18,30].
3.1 Leading Order Results
The leading order (l.o.) operators in the charged lepton sector contain the flavons χl and φl and
insertions with up to three of these. They read
wl.o.l =
1
Λ
Lτ c hd φl +
ω2
Λ2
Lµc hd χl φl +
1
Λ2
Lµc hd φ
2
l
+
i ω2
Λ3
Lec hd χ
2
l φl +
i ω2
Λ3
Lec hd χl φ
2
l +
1
Λ3
Lec hd φ
3
l . (23)
Here and in the following we suppress all real order one Yukawa couplings and only emphasize the
phase of these couplings determined by the CP symmetry of the theory. Each operator stands for
a unique contraction, giving rise to an invariant under the flavor and CP symmetry.
Upon electroweak symmetry breaking and taking into account the leading order form of the
vacuum of χl and φl, as shown in Eq. (6), the contributions, originating from the operators in
Eq. (23), give rise to the following charged lepton mass matrix
ml.o.l =

 cl λ4 ω bl λ2 ω2 alcl λ4 ω2 bl λ2 ω al
cl λ
4 bl λ
2 al

 λ2 〈hd〉 (24)
with the parameters al, bl and cl being complex order one parameters. All charged fermion mass
matrices are given in the basis with LH fermions on the left and RH ones on the right side of the mass
matrix. Thus, diagonalizing the matrix combination ml.o.l (m
l.o.
l )
† via (U l.o.l )
T ml.o.l (m
l.o.
l )
† (U l.o.l )
⋆ ,
we find the contribution from the charged lepton sector to lepton mixing to be at leading order
U l.o.l =
1√
3

 1 ω2 ω1 ω ω2
1 1 1

 . (25)
Also the charged lepton masses are correctly reproduced
ml.o.e =
√
3 |cl|λ6 〈hd〉 , ml.o.µ =
√
3 |bl|λ4 〈hd〉 and ml.o.τ =
√
3 |al|λ2 〈hd〉 , (26)
if we assume that tan β has a small to moderate value and take λ as in Eq. (7). We can furthermore
check the residual symmetry preserved by the combination ml.o.l (m
l.o.
l )
†, remembering that the LH
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lepton doublets transform as 34 of ∆(384), and find that indeed the Z3 symmetry, generated by a,
is compatible with the form of ml.o.l (m
l.o.
l )
†. This combination is also invariant under the subgroup
Z4 × Z4 of ∆(384), arising from the two generators c2 and d2, since LH lepton doublets are in the
unfaithful representation 34, see footnote 2.
Moving on to the neutrino sector there is one leading order term responsible for the Dirac
neutrino mass matrix which is of the form
wl.o.ν,D =
1
Λ
Lνc hu ζ (27)
so that mD turns out to be of the form
ml.o.D =

 aDν 0 00 aDν 0
0 0 bDν

 λ2 〈hu 〉 (28)
with aDν and b
D
ν both being real order one numbers. Also the Dirac neutrino mass matrix is given
in the basis with LH fields on the left and RH ones on the right side of the mass matrix. The form
of the Majorana mass matrix MR of the RH neutrinos arises at the lowest order from two terms
wl.o.,1νc = ν
c νc ξu +
1
Λ
νc νc κ2u , (29)
where the second operator gives rise to two independent contributions to MR. We thus find
M l.o.,1R = ω
6
16

 aRν cRν 0cRν aRν 0
0 0 ω616 b
R
ν

 λ2 Λ (30)
with aRν , b
R
ν and c
R
ν being real. This form of M
l.o.,1
R leaves Gν,1 invariant, as can be checked by using
the representation matrices of the different generators of ∆(384) and the CP transformation in 37.
5
The RH neutrino mass spectrum is given by
M l.o.,11 =
∣∣aRν + cRν ∣∣ λ2Λ , M l.o.,12 = ∣∣bRν ∣∣ λ2Λ and M l.o.,13 = ∣∣aRν − cRν ∣∣ λ2 Λ . (31)
Applying the type-I seesaw mechanism [32–35], we arrive at the lowest order form of the light
neutrino mass matrix being
ml.o.,1ν = −ml.o.D (M l.o.,1R )−1 (ml.o.D )T = ω1016

 aν cν 0cν aν 0
0 0 ω1016 bν

 λ2 〈hu〉2
Λ
(32)
in the basis νTL m
l.o.,1
ν νL. In doing so, we have defined
aν = − (a
D
ν )
2 aRν
(aRν )
2 − (cRν )2
, bν = −(b
D
ν )
2
bRν
and cν =
(aDν )
2 cRν
(aRν )
2 − (cRν )2
. (33)
As aDν , b
D
ν , a
R
ν , b
R
ν and c
R
ν are real, also aν , bν and cν are real. The question of the residual symmetry,
preserved by ml.o.,1ν , is more subtle. If we use that LH lepton doublets are in 34, we find that m
l.o.,1
ν
is invariant under a symmetry, constituted by all elements of the form cx d2 y and a b cx d2 y of
∆(384) with x ranging between 0 and 7 and y between 0 and 3. This symmetry comprises the
Klein group, generated by a b and c4. However, ml.o.,1ν is not invariant under the CP transformation
X(34)(7). Instead we find that its form preserves the CP transformation X(31)(7), belonging to
the representation 31. We can also check the invariance of m
l.o.,1
ν under the Klein group, generated
5How RH neutrinos actually transform under the external Z2 symmetry Z
(ext)
2 and the Z2, contained in Z
(ext)
16 , is
irrelevant, since this can only lead to an overall sign in the representation matrix which cancels given that it appears
twice in the relation for checking the invariance of M l.o.,1R .
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by a b and c4, using the representation matrices in 31.
6 We thus observe that the matrix ml.o.,1ν does
preserve the desired residual symmetry, but for LH lepton doublets transforming as 31 of ∆(384).
This does not happen by accident. We would like to achieve lepton mixing, as predicted by the
residual symmetry being the Klein group and CP under the assumption that LH lepton doublets
are in the faithful representation 31 of ∆(384), since this lepton mixing pattern has been identified
as interesting in [18,30]. The light neutrino masses read at the lowest order
ml.o.,11 = |aν + cν | λ2
〈hu〉2
Λ
=
(aDν )
2
|aRν + cRν |
λ2
〈hu〉2
Λ
,
ml.o.,12 = |bν | λ2
〈hu〉2
Λ
=
(bDν )
2
|bRν |
λ2
〈hu〉2
Λ
,
ml.o.,13 = |aν − cν | λ2
〈hu〉2
Λ
=
(aDν )
2
|aRν − cRν |
λ2
〈hu〉2
Λ
. (34)
Since they depend on three independent (effective) parameters aν , bν and cν , it is possible to
accommodate a light neutrino mass spectrum with normal as well as inverted ordering. The order
of light neutrino masses is 0.1 eV [28,38], which allows us to estimate the order of magnitude of the
cutoff scale Λ to be
Λ & 1013GeV . (35)
This in turn means that RH neutrino masses are larger than a few 1011GeV. Since we do not
expect the parameters in M l.o.,1R in Eq. (30) to be hierarchical, also the RH neutrino masses are
expected to be non-hierarchical. The matrix U l.o.,1ν diagonalizing the light neutrino mass matrix via
(U l.o.,1ν )T m
l.o.,1
ν U
l.o.,1
ν is given by
U l.o.,1ν =
ω1016√
2

 ω16 0 −ω16ω16 0 ω16
0
√
2 0

 , (36)
up to a diagonal matrix Kν with entries ±1 and ±i, necessary for rendering the light neutrino
masses positive. This leads together with the contribution from the charged lepton sector in the
form of U l.o.l to the following lepton mixing matrix at the lowest order
U l.o.,1PMNS = (U
l.o.
l )
† U l.o.,1ν = ω
10
16


√
2
3 ω16
1√
3
0
−ω16√
6
1√
3
−ω16√
6
(1 + 2ω)
−ω16√
6
1√
3
ω16√
6
(1 + 2ω)

 , (37)
showing that lepton mixing angles are found to be TB. In the second step of symmetry breaking,
where Gν,1 is reduced to Gν,2, no change occurs in the matrix m
l.o.
D , but the following two operators
contribute to the RH neutrino mass matrix
wl.o.,2νc =
1
Λ
νc νc ηu ξu +
1
Λ2
νc νc κ2u ηu . (38)
Plugging in the vacuum in Eqs. (8) and (9), we find
M l.o.,2R = ω
5
16

 0 0 dRν0 0 −dRν
dRν −dRν 0

 λ3 Λ (39)
and a correction to cRν in M
l.o.,1
R in Eq. (30) with the same phase and relatively suppressed by λ
compared to the lowest order term. Adding this matrix to the one in Eq. (30), we arrive at the
leading order form of the Majorana mass matrix for RH neutrinos
M l.o.R =M
l.o.,1
R +M
l.o.,2
R . (40)
6In this case only the elements of this Klein group leave the form of ml.o.,1ν unchanged and no further elements of
∆(384).
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This matrix is invariant under Gν,2, as can be checked explicitly. The RH neutrino masses M
l.o.,1
2
and M l.o.,13 are slightly corrected by the contribution M
l.o.,2
R
M l.o.2 ≈
∣∣∣∣bRν + 2 (dRν )2aRν + bRν − cRν λ2
∣∣∣∣ λ2 Λ and M l.o.3 ≈
∣∣∣∣aRν − cRν + 2 (dRν )2aRν + bRν − cRν λ2
∣∣∣∣ λ2 Λ . (41)
The light neutrino mass matrix is then given by
ml.o.ν = −ml.o.D (M l.o.R )−1 (ml.o.D )T . (42)
It can be parametrized as follows
ml.o.ν = ω
10
16

 a˜ν c˜ν ω16 dν λc˜ν a˜ν −ω16 dν λ
ω16 dν λ −ω16 dν λ ω1016 b˜ν

 λ2 〈hu〉2
Λ
(43)
with
a˜ν = − (a
ν
D)
2 (aRν b
R
ν + (d
R
ν )
2 λ2)
(aRν + c
R
ν ) (b
R
ν (a
R
ν − cRν ) + 2 (dRν )2 λ2)
, b˜ν = − (b
D
ν )
2 (aRν − cRν )
bRν (a
R
ν − cRν ) + 2 (dRν )2 λ2
,
c˜ν =
(aνD)
2 (bRν c
R
ν − (dRν )2 λ2)
(aRν + c
R
ν ) (b
R
ν (a
R
ν − cRν ) + 2 (dRν )2 λ2)
and dν = − a
D
ν b
D
ν d
R
ν
bRν (a
R
ν − cRν ) + 2 (dRν )2 λ2
. (44)
The matrix ml.o.ν can be checked to be invariant under Gν,2, if we apply the representation matrices
of the generators of ∆(384) and the CP transformation in 31, see comments about the invariance of
ml.o.,1ν below Eq. (33). The light neutrino masses read (approximately) in the effective parameters
a˜ν , b˜ν , c˜ν and dν
ml.o.1 = |a˜ν + c˜ν | λ2
〈hu〉2
Λ
,
ml.o.2 ≈
∣∣∣∣b˜ν + 2 d2νa˜ν + b˜ν − c˜ν λ2
∣∣∣∣ λ2 〈hu〉2Λ ,
ml.o.3 ≈
∣∣∣∣a˜ν − c˜ν + 2 d2νa˜ν + b˜ν − c˜ν λ2
∣∣∣∣ λ2 〈hu〉2Λ . (45)
Applying the matrix U l.o.,1ν to ml.o.ν we obtain a matrix (U
l.o.,1
ν )T ml.o.ν U
l.o.,1
ν which is block-diagonal
with the (23)- and (32)-elements being proportional to the parameter dν (and thus d
R
ν ) and relatively
suppressed to the diagonal elements by λ. This matrix can thus be diagonalized by a rotation in
the (23)-plane through the angle θν , determined by the relation
tan 2 θν = − 2
√
2 dν
a˜ν + b˜ν − c˜ν
λ = − 2
√
2 aDν b
D
ν d
R
ν
(aDν )
2 bRν + (b
D
ν )
2 (aRν − cRν )
λ . (46)
Using the matrix U l.o.,1ν R23(θν) as contribution to lepton mixing from the neutrino sector, we find
U l.o.,2PMNS = (U
l.o.
l )
† U l.o.,1ν R23(θν) . (47)
Computing the lepton mixing angles from U l.o.,2PMNS, we have
sin2 θ13 =
1
3
sin2 θν and sin
2 θ12 =
cos2 θν
2 + cos2 θν
=
1
3
(
1− 3 sin2 θ13
1− sin2 θ13
)
. (48)
With θν of order λ we obtain a good description of the experimental data on lepton mixing [28]. In
particular, for θν ≈ 0.26 we get
sin2 θ13 ≈ 0.022 and sin2 θ12 ≈ 0.318 . (49)
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The formula for the atmospheric mixing angle θ23 reads
sin2 θ23 =
1
2
(
1 +
(
2
√
6 sin 2 θν
5 + cos 2 θν
)
sin
(π
8
))
≈ 0.579 (50)
for θν ≈ 0.26. Most importantly, we have for the Dirac phase δl approximately
sin δl ≈ − cos
(π
8
)
= −1
2
√
2 +
√
2 ≈ −0.924 (51)
and taking into account corrections due to θν ≈ 0.26
sin δl ≈ −0.936 . (52)
Using U l.o.,2PMNS in Eq. (47) as lepton mixing matrix, we find for both Majorana phases α and β that
they fulfil
sinα = sin β = − 1√
2
(53)
with the sign of the sines depending on whether or not additional factors i are needed in order to
render the light neutrino masses positive, see comment on the diagonal matrix Kν below Eq. (36).
Finally, we compare the residual symmetries Gl, Gν,1 and Gν,2, used in this analysis, with those
of the study of lepton and quark mixing patterns from ∆(384) and CP [30]. Gl is of the same form
and generated by the same element of ∆(384) as in [30], up to the external Z3 symmetry Z
(ext)
3 .
The latter, however, does not have any direct impact on the lepton mixing pattern. As regards
Gν,1, the generators of the Klein group, a b and c
4, coincide with those used in [30], again up to the
external symmetries. The same is true for Gν,2, whose flavor symmetry part arises from the element
a b c4 of ∆(384). The CP symmetries, used in the two studies, seem to differ, as in the current
study it corresponds to the automorphism in Eq. (161) conjugated with the element c3 d6, while
in [30] the CP symmetry corresponds to the mentioned automorphism conjugated with a b c7 d6 (for
s = 7 which is used in the phenomenological analysis). As shown in [8], the combination of the
generator of a residual Z2 symmetry that commutes with the CP symmetry and the latter itself also
leads to a CP symmetry. In the present study the CP symmetry, arising from the automorphism in
Eq. (161) conjugated with the element c3 d6, thus entails the existence of the CP symmetry, coming
from the same automorphism, but conjugated with (a b c4) c3 d6 = a b c7 d6, which coincides with
the CP symmetry, employed in [30]. Hence, we use the same residual symmetries Gl, Gν,1 and Gν,2
as in [30]. The residual symmetries and results of the latter have been shown to match those of the
analysis of lepton mixing patterns from ∆(6n2) and CP, pursued in [18].
3.2 Higher Order Results
There are several operators beyond those, mentioned in Eq. (23), that can potentially contribute
to the charged lepton mass matrix ml at higher order (h.o.). In the following, we mention the ones
which might give contributions to ml of order λ
7 〈hd〉 at least. Operators that induce non-vanishing
contributions read
wh.o.l =
1
Λ4
Lτ c hd φl η
3
u +
1
Λ5
Lτ c hd χl η
4
u +
1
Λ5
Lτ c hd φl η
4
u +
1
Λ4
Lτ c hd η
2
u ζ
2
+
1
Λ5
Lµc hd χl φl η
3
u +
1
Λ5
Lµc hd φ
2
l η
3
u +
1
Λ4
Lµc hd φl ηu ζ
2
+
1
Λ5
Lec hd φd η
3
u ξu +
1
Λ6
Lec hd φd κ
2
u η
3
u +
1
Λ5
Lec hd χd φu κu ηu ξu
+
1
Λ6
Lec hd χd φu κ
3
u ηu . (54)
Since the number of operators contributing to ml and the other mass matrices at higher order
grows and frequently two or more independent contractions exist for a single operator, we restrict
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ourselves for higher order operators to only mention the combination of fields that is accompanied
by a (sum of) Yukawa coupling(s) constrained by the CP symmetry of the theory. In the effective
parametrization of the resulting fermion mass matrices, see e.g. ml in Eq. (55), all independent
contractions of the operators as well as the constraints on their Yukawa couplings are taken into
account. The operators in the first line of Eq. (54) contribute to the third column of the charged
lepton mass matrix, when the leading order vacuum of the different flavons is plugged in. The
contribution due to the first one can be absorbed by a re-definition of the leading order parameter
al at relative order λ
3, while the three other ones give rise to contributions to all three elements
of the third column of ml of relative order λ
4 with respect to the tau lepton mass and of a form
different from the one at leading order, see Eq. (24). The operators in the second line of the
equation contribute to the second column of ml at relative order λ
3 with respect to the muon mass.
In particular, the contribution due to the first two ones can be absorbed by a re-definition of the
parameter bl, while this is not possible for the contribution due to the third operator that leads
to corrections in the (12)- and (22)-elements, when the leading order vacuum in Eqs. (6), (9) and
(10) is considered. Eventually, the operators in the third and fourth lines of Eq. (54) all give rise
to contributions of order λ7 〈hd〉, correcting the mass of the electron. Out of these four operators
the first two ones contribute to the (11)-element and with opposite sign to the (21)-element of ml,
whereas the other two induce corrections in the (31)-element only. In addition to these operators,
there are several ones involving the fields µc and ec, respectively, whose contribution to the charged
lepton mass matrix vanishes, when the leading order vacuum is plugged in: at order λ6 and λ7
in units of 〈hd〉 the operators with µc and flavon combinations φ4u ζ and φ4u ηu ζ could contribute,
respectively, while operators with ec and flavon combinations χd φu κu ξu, φd κ
2
u η
2
u and χd φu κ
3
u
could contribute at order λ6 〈hd〉 and the flavon combination φ2d φ2u ηu at order λ7 in units of 〈hd〉,
if their contribution did not vanish due to the leading order vacuum.
Lastly, we take into account the shifts in the vacuum of the flavons φl and χl, see Eq. (21),
and their size, see Eq. (22), and plug these into the operators, contributing at leading order to the
charged lepton mass matrix ml, see Eq. (23). We find that corrections due to these are actually
larger than those, arising from higher order operators, in the case of the third column of ml, while
their impact is of the same size as that from higher order operators for the second column of ml.
In case of the first column of ml the contributions, coming from the shifts in the vacuum, are
subdominant with respect to those due to higher order operators, as they are only of order λ9 in
units of 〈hd〉.
The charged lepton mass matrix, including the contributions from the discussed higher order
operators and from the shifts in the vacuum of the flavons φl and χl, reads
mh.o.l =

 cl λ4 ω bl λ2 ω2 alcl λ4 ω2 bl λ2 ω al
cl λ
4 bl λ
2 al

 λ2 〈hd〉+

 xl,11 λ5 xl,12 λ5 xl,13 λ3−xl,11 λ5 xl,22 λ5 xl,23 λ3
xl,31 λ
5 0 0

 λ2 〈hd〉 , (55)
where the parameters xl,ij are in general complex order one numbers. We note that al and bl are
not exactly the same as in Eq. (24), since the effect of higher order contributions and shifts in the
vacuum of φl and χl has been absorbed into them. The charged lepton masses are only slightly
corrected and read
mh.o.e ≈
√
3 |cl|
(
1 +
|xl,31|
3 |cl| λ cos(arg(xl,31)− arg(cl))
)
λ6 〈hd〉 ,
mh.o.µ ≈
√
3 |bl|
(
1− λ3
∑
i=1,2
|xl,i2|
6 |bl| (cosαl,i + (−1)
i
√
3 sinαl,i)
)
λ4 〈hd〉 ,
mh.o.τ ≈
√
3 |al|
(
1− λ3
∑
i=1,2
|xl,i3|
6 |al| (cos βl,i − (−1)
i
√
3 sinβl,i)
)
λ2 〈hd〉
with αl,i = arg(xl,i2)− arg(bl) and βl,i = arg(xl,i3)− arg(al) . (56)
Computing (U l.o.l )
T mh.o.l , we can estimate the effect of the higher order contributions on lepton
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mixing and find that the size of the angles correcting U l.o.l is expected to be of the order
θh.o.l,12 ≈ O(λ3) , θh.o.l,13 ≈ O(λ3) and θh.o.l,23 ≈ O(λ3) . (57)
These contributions can be safely neglected in the analysis of lepton mixing.
As next, we consider the effects of higher order operators and shifts in the vacuum of the flavons
in the neutrino sector. Up to order λ6 〈hu〉, there are only two operators relevant for the Dirac
neutrino mass matrix mD
wh.o.ν,D =
1
Λ4
Lνc hu η
3
u ζ +
1
Λ5
Lνc hu η
4
u ζ . (58)
The first operator only induces corrections to the diagonal elements of mD so that these become
independent of each other at relative order λ3 with respect to ml.o.D in Eq. (28). The second one
instead leads to non-vanishing off-diagonal elements in mD (via two independent contractions) that
are suppressed relative to the leading order term ml.o.D with λ
4. Since the alignment of the leading
order vacuum of the flavon ζ is achieved with the help of a specific UV completion of the theory,
see section 5.4, we do not encounter any corrections to it. We, thus, can parametrize mD after the
inclusion of the mentioned contributions from higher order operators as
mh.o.D =

 aDν 0 00 aDν 0
0 0 bDν

 λ2 〈hu 〉+

 xD,11 xD,12 λ xD,13 λxD,21 λ xD,22 xD,23 λ
xD,31 λ xD,32 λ xD,33

 λ5 〈hu 〉 , (59)
where the parameters xD,ij are in general complex order one numbers.
We continue with the higher order terms most relevant for the RH neutrino mass matrix MR
which lead to contributions of at least λ7Λ
wh.o.νc =
1
Λ3
νc νc η3u ξu +
1
Λ4
νc νc κ2u η
3
u
+
1
Λ3
νc νc κ2u η
2
u +
1
Λ4
νc νc φ2u ηu ψ
2 +
1
Λ5
νc νc φu κu η
3
u ψ +
1
Λ6
νc νc κ2u η
5
u
+
1
Λ4
νc νc η4u ξu +
1
Λ5
νc νc κ2u η
4
u
+
1
Λ3
νc νc φd φ
2
u ηu +
1
Λ3
νc νc φd ηu ξ
2
u +
1
Λ4
νc νc φd κ
2
u ηu ξu +
1
Λ5
νc νc φd κ
4
u ηu
+
1
Λ4
νc νc φd φ
2
u η
2
u . (60)
The operators in the first line of the equation all contribute to two different leading order parameters
and their contributions can be all absorbed into these. The contribution of the operators in the
second line of Eq. (60) can be absorbed into the parameter bRν , while those in the third line of
this equation also correct the parameter dRν at relative order λ
3. The operators in the fourth line
instead lead to contributions to the (33)-element of MR, at relative order λ
3 (first operator) and
λ5, respectively, that cannot be absorbed into the leading order parameter bRν , since they carry a
different phase. Similarly, the operator in the fifth line gives rise to a contribution to the (12)- and
(21)-elements of MR with a phase different from the one of the leading order structure and thus
cannot be absorbed by a re-definition of cRν . This correction arises at relative order λ
4. Beyond
these operators also one with the flavon combination φd φ
2
u η
3
u could contribute at order λ
7 Λ to MR,
if it were not for the leading order vacuum of the involved flavons.
Eventually, we discuss the effect of shifts in the vacuum of the flavons ξu, κu and ηu, compare
Eqs. (21) and (22). When these are taken into account in the evaluation of the leading order
operators in Eqs. (29) and (38), we find corrections to the (11)- and (22)-elements of MR of order
λ5Λ and to all off-diagonal elements of MR of order λ
6 Λ.
The Majorana mass matrix MR of the RH neutrinos, comprising the contributions from the
discussed higher order terms and from the shifts in the vacuum, is then given as
Mh.o.R = ω
5
16

 ω16 aRν ω16 cRν dRν λω16 cRν ω16 aRν −dRν λ
dRν λ −dRν λ ω716 bRν

 λ2Λ +

 xR,11 xR,12 λ xR,13 λxR,12 λ xR,22 xR,23 λ
xR,13 λ xR,23 λ xR,33

 λ5 Λ (61)
15
with xR,ij being complex order one numbers. They only contribute to the RH neutrino masses at
order λ5Λ or smaller. Their impact on these is thus negligible.
From mh.o.D and M
h.o.
R in Eqs. (59) and (61), respectively, we can compute the form of the light
neutrino mass matrix at higher order and arrive at the effective parametrization
mh.o.ν = ω
10
16

 a˜ν c˜ν ω16 dν λc˜ν a˜ν −ω16 dν λ
ω16 dν λ −ω16 dν λ ω1016 b˜ν

 λ2 〈hu〉2
Λ
+

 xν,11 xν,12 xν,13 λxν,12 xν,22 xν,23 λ
xν,13 λ xν,23 λ xν,33

 λ5 〈hu〉2
Λ
(62)
with xν,ij being complex order one numbers. The light neutrino masses are only slightly corrected
at relative order λ3 compared to the leading order results for them, see Eq. (45). We can thus safely
neglect such corrections. The corrections to the contribution U l.o.,1ν R23(θν) from the neutrino sector
to lepton mixing are also small and we estimate them to be
θh.o.ν,12 ≈ O(λ4) , θh.o.ν,13 ≈ O(λ3) and θh.o.ν,23 ≈ O(λ4) , (63)
by considering mh.o.ν after the application of U
l.o.,1
ν R23(θν) with θν as in Eq. (46). Due to their
smallness we can also safely neglect their impact on the results for the lepton mixing parameters.
Using as experimental data the charged lepton masses given in [36] (at a scale 1012GeV and
for tan β = 10) and the results obtained in the global fit in [28] for the lepton mixing parameters
and neutrino mass squared differences together with the bound on the sum of light neutrino masses
from cosmology [38], we perform a χ2 analysis with the mass matrices mh.o.l and m
h.o.
ν , as given in
Eqs. (55) and (62), and all free parameters of order one, which shows that a very good agreement
with experimental data can be easily achieved.7
4 Quark Sector
In this section we display the results for quark mass matrices, quark masses and the mixing param-
eters in the quark sector at leading and higher order, proceeding in an analogous way as for leptons.
We discuss the residual symmetries left intact by the up quark and down quark mass matrices and
match our results to those found in [21,30].
4.1 Leading Order Results
We first discuss the leading order results for up quarks. At leading order two operators are relevant
wl.o.u =
1
Λ
Qtc hu φu +
1
Λ3
Qcc hu φu κu ξu . (64)
As already mentioned in section 2, also the top quark mass arises at the non-renormalizable level
in this model, since the three generations of LH quark doublets are unified in the irreducible three-
dimensional representation 31 of ∆(384). Plugging in the vacuum, shown in Eqs. (8) and (14), and
assuming the orders of magnitudes as in Eqs. (15) and (16), we find for the up quark mass matrix
mu at leading order
ml.o.u = ω
5
16

 0 bu λ3 00 bu λ3 0
0 0 ω16 au

 λ 〈hu〉 (65)
with the parameters au and bu being real. As one can explicitly check, the matrix combination
ml.o.u (m
l.o.
u )
† is invariant under a group, comprising all elements of ∆(384) that are of the form
(c d2)x and a b (c d2)x with x ranging between 0 and 7. This combination is thus also invariant under
the Klein group, generated by a b and c4. Furthermore, it is invariant under the CP transformation
7Including the potentially sizeable effects of renormalization group running on lepton mixing and neutrino masses
that depend i.a. on the light neutrino mass spectrum is beyond the scope of this χ2 analysis that shall only serve as
evidence that all experimental data can indeed be accommodated in this model.
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X(31)(7). This shows that m
l.o.
u (m
l.o.
u )
† preserves Gu. The contribution Uu to quark mixing,
originating from the up quark sector, diagonalizes ml.o.u (m
l.o.
u )
† via (U l.o.u )T ml.o.u (ml.o.u )† (U l.o.u )⋆ and
is given by
U l.o.u =
1√
2

 −1 1 01 1 0
0 0
√
2

 (66)
at leading order. The masses of the up quarks read at this order
ml.o.u = 0 , m
l.o.
c =
√
2 |bu| λ4 〈hu〉 and ml.o.t = |au| λ 〈hu〉 . (67)
As discussed in section 2, the suppression of the top quark mass due to the non-renormalizable
operator has to be compensated by a larger value of the effective coupling au and can indeed be
achieved for values of this coupling of order 2 to 3. The charm quark mass is naturally of its correct
order, while the up quark mass is only generated at higher order, see Eq. (86).
The leading order operators in the down quark sector are of the form
wl.o.,1d =
1
Λ
Qbc hd φd +
1
Λ2
Qsc hd φd χd , (68)
which lead to the down quark mass matrix md being
ml.o.,1d =

 0 bd λ2 00 ω16 bd λ2 0
0 0 ad

 λ2 〈hd〉 , (69)
upon plugging in the vacuum of the flavons φd and χd, as shown in Eq. (17), and the orders
of magnitude, as in Eq. (18). The parameters ad and bd are complex order one numbers. The
matrix combination ml.o.,1d (m
l.o.,1
d )
† has as residual symmetry Z16, generated by the element a b d
of ∆(384), when using that LH quark doublets are in the representation 31. Since ad and bd are
complex numbers without a fixed phase, there is no CP symmetry preserved. The contribution Ud
from down quarks to quark mixing reads at leading order
U l.o.,1d =
1√
2

 −ω16 ω16 01 1 0
0 0
√
2

 (70)
and is computed from ml.o.,1d in the same way as U
l.o.
u from m
l.o.
u . The masses of the down quarks
are given by
ml.o.,1d = 0 , m
l.o.,1
s =
√
2 |bd| λ4 〈hd〉 and ml.o.,1b = |ad| λ2 〈hd〉 , (71)
if only the terms in the superpotential wl.o.,1d in Eq. (68) are considered with the vacuum given in
Eq. (17). As tan β takes small to moderate values, the size of the bottom quark mass is correctly
generated. Also the order of magnitude of the strange quark mass is correctly achieved. Like the
up quark mass, the down quark mass is only non-vanishing, when higher order operators are taken
into account, see Eq. (93).
Computing the leading order result for the absolute values of the quark mixing matrix, we get
∣∣∣V l.o.,1CKM ∣∣∣ =
∣∣∣∣(U l.o.u )† U l.o.,1d
∣∣∣∣ =

 cos π/16 sinπ/16 0sinπ/16 cos π/16 0
0 0 1

 . (72)
We thus obtain sinπ/16 ≈ 0.195 for the Cabibbo angle θC , which is a good leading order approxi-
mation to the experimentally measured value of |Vus| = 0.22452±0.00044 [29]. These findings agree
with those in [21,30].
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In the second step of symmetry breaking the Cabibbo angle is brought into full accordance with
the experimental data by the following operator, contributing to the down quark mass matrix md,
wl.o.,2d =
1
Λ3
Qsc hd χd ψ
2 . (73)
Its contribution to md reads, after plugging in the leading order vacuum, see Eqs. (17) and (19),
and the orders of magnitude, displayed in Eqs. (18) and (20),
ml.o.,2d = ω
6
16

 0 ω16 cd 00 cd 0
0 0 0

 λ6 〈hd〉 (74)
with the parameter cd being a complex order one number. Furthermore, the parameter bd has
been re-defined at relative order λ2, since the operator in Eq. (73) corresponds to two independent
combinations invariant under the flavor and CP symmetry that lead to two different contributions.
The resulting down quark mass matrix is
ml.o.d = m
l.o.,1
d +m
l.o.,2
d . (75)
The combination ml.o.d (m
l.o.
d )
† preserves the residual symmetry Z8, generated by the element c d2 =
(a b d)2 of ∆(384). We thus confirm that the residual symmetry in the down quark sector is Gd,2
after the second step of symmetry breaking. Applying the matrix U l.o.,1d , given in Eq. (70), to m
l.o.
d ,
we arrive at
(U l.o.,1d )
T ml.o.d =
1√
2

 0 ω616 (1− ω216) cd λ4 00 2ω16 bd λ2 + ω616 (1 + ω216) cd λ4 0
0 0
√
2 ad

 λ2 〈hd〉 . (76)
If the additional unitary transformation, needed for the diagonalization, is parametrized as
U12(θd, ψd) =

 cos θd sin θd e−i ψd 0− sin θd ei ψd cos θd 0
0 0 1

 , (77)
we find for θd
tan 2 θd ≈ 2 sin
(π
8
) ∣∣∣∣cdbd
∣∣∣∣ λ2 (78)
and for ψd that it should fulfill
cos
(
αd + ψd
)
≈ sin
(
αd + ψd
)
with αd = arg(bd)− arg(cd) . (79)
This shows that the size of the contribution to the Cabibbo angle, coming from the second step
of symmetry breaking, is of order λ2 ≈ 0.04. This type of symmetry breaking corresponds to the
second option discussed in [30], in which the residual symmetry in the down quark sector is reduced
in order to bring the Cabibbo angle into full accordance with experimental data [29].
The matrix in Eq. (76) shows furthermore that the bottom quark mass is not corrected in this
step, while the strange quark mass reads
ml.o.s ≈
√
2 |bd|
(
1− cos
(π
8
) |cd|√
2 |bd|
λ2 (cosαd − sinαd)
)
λ4 〈hd〉 (80)
after the second step of symmetry breaking.
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4.2 Higher Order Results
The most relevant higher order operators, that induce contributions to the third column of the up
quark mass matrix mu, are
wh.o.,1u =
1
Λ4
Qtc hu φu η
3
u +
1
Λ7
Qtc hu φu η
6
u
+
1
Λ4
Qtc hu χ
3
l φu +
1
Λ4
Qtc hu χl φ
2
l φu +
1
Λ4
Qtc hu φ
3
l φu +
1
Λ6
Qtc hu φd φu κ
2
u η
2
u
+
1
Λ5
Qtc hu κu η
2
u ξu ψ +
1
Λ6
Qtc hu κ
3
u η
2
u ψ . (81)
We see that the operators in the first line of Eq. (81) only contain flavons with an index u. Inserting
the leading order vacuum of the different flavons, shown in Eqs. (9) and (14), we find that their
contributions can be absorbed into the real parameter au, correcting it at relative order λ
3 and
λ6, respectively. The operators in the second line of the equation also only contribute to the (33)-
element of mu, but with a different phase than the leading order term. Taking into account the
orders of magnitude of the vacuum expectation values of the involved flavons, see Eqs. (7), (13),
(15), (16) and (18), we see that this correction arises at order λ7 〈hu〉. Only the two operators in the
third line of the equation give rise to contributions to the (13)-element of the up quark mass matrix
and with opposite sign to the (23)-element. These are found to have a phase of ω516 and to arise at
order λ7 〈hu〉. In addition to the operators shown in Eq. (81), there are operators with the flavon
combinations φd φu η
2
u ξu and φd φ
2
u κu ψ that could contribute at order λ
7 in units of 〈hu〉 given the
size of the vacuum expectation values, see Eqs. (13), (15), (16), (18) and (20). However, plugging
in the leading order vacuum, they do not give a non-vanishing contribution. Taking into account
the shifts in the vacuum of the flavon φu, as displayed in Eqs. (21) and (22), when computing
the contribution, coming from the leading order operator in Eq. (64), we see that the (13)- and
(23)-elements of mu are generated at order λ
7 〈hu〉.
Similarly, the following operators give rise to corrections to the second column of mu
wh.o.,2u =
1
Λ5
Qcc hu φu κu η
2
u ξu +
1
Λ6
Qcc hu φu κ
3
u η
2
u +
1
Λ6
Qcc hu φu κu η
3
u ξu
+
1
Λ5
Qcc hu κ
2
u ξ
2
u ψ +
1
Λ6
Qcc hu κ
4
u ξu ψ +
1
Λ7
Qcc hu κ
6
u ψ
+
1
Λ6
Qcc hu φd φ
3
u κu ηu +
1
Λ4
Qcc hu χd φl ξu ζ +
1
Λ5
Qcc hu χ
2
d η
2
u ψ
+
1
Λ4
Qcc hu χd χl ξu ζ +
1
Λ4
Qcc hu ξ
3
u ψ . (82)
The operators in the first and the second line of this equation contribute in the same way regarding
the structure and the phase to the second column of mu, when we use the leading order vacuum, as
the operator at leading order does. Their contributions can thus be absorbed by the re-definition of
the parameter bu and correct it at the relative order λ
2 at maximum. The first operator in the third
line of Eq. (82) gives rise to a contribution to the up quark mass matrix with the same structure,
but a different phase as the leading order contribution at relative order λ3, while the remaining two
operators in this line generate the (32)-element of mu, when the leading order vacuum of the flavons
is plugged in. For the sizes of the vacuum expectation values of the flavons, as shown in Eqs. (7),
(11), (13), (16), (18) and (20), this element is expected to be of the size λ8 〈hu〉. The last line of
Eq. (82) contains as first operator one that contributes differently to the (12)- and (22)-element
of the up quark mass matrix, while the second one leads to contributions to all three elements of
the second column of mu. Both operators in this line induce contributions at relative order λ
4
with respect to the leading order term. On top of that the operators with flavon combinations
φu κ
3
u, φu κu ηu ξu, φu κ
3
u ηu and φu κ
3
u η
3
u that potentially contribute to the second column of the up
quark mass matrix at different orders (λ4, λ5 (twice) and λ7 in units of 〈hu〉) do not give rise to
a non-vanishing result, if the vacuum is only considered at leading order. Furthermore, we remark
that the leading order operator, shown in Eq. (64), does not introduce further contributions to the
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second column of the up quark mass matrix at order λ8 〈hu〉 or larger, when shifts in the vacuum
of the flavons φu, κu and ξu, see Eqs. (21) and (22), are considered.
The up quark mass only arises at higher order and the following operators play a crucial role in
its generation
wh.o.,3u =
1
Λ4
Quc hu χd φl ξu ψ +
1
Λ5
Quc hu χl φl φ
2
u ζ +
1
Λ5
Quc hu φd χd χl φu κu . (83)
The first of them leads to contributions to all three elements of the first column of mu and thus
generates the up quark mass, whereas the other two ones only give rise to a non-vanishing (31)-
element, when the leading order vacuum of the flavons is inserted. The size of all these contributions
is λ8 〈hu〉 and thus the correct size of the up quark mass with respect to the one of charm and top
quark, see ml.o.c and m
l.o.
t in Eq. (67), is achieved. Operators that give contributions of order λ
6 〈hu〉
or larger to the first column of mu do not exist and a single operator with the flavon combination
φ2d φl ηu, that could induce contributions of order λ
7 〈hu〉, does not, when the leading order vacuum
of the flavons is employed. An operator very similar to the first one in Eq. (83) with the flavon
combination χd φl κ
2
u ψ also leads to zero contributions with the leading order vacuum of the flavons
taken into account. Furthermore, the two operators with flavon combinations φ2l φ
2
u ζ and φl φ
6
u
could contribute at order λ8 in units 〈hu〉, which they do not, when the leading order vacuum is
used. Operators leading to contributions to the up quark mass matrix (and possibly the up quark
mass) at even higher order in λ, λ9 〈hu〉 or smaller, break the still existing correlation among the
(11)- and (21)-elements of mu. An example of such an operator is
1
Λ6
Quc hu φ
2
d φl η
3
u . (84)
We note that also some of the mentioned operators do have a similar effect, when the shifts in the
vacuum of the different flavons, in particular χd and φd, are taken into account.
Thus, the up quark mass matrix including higher order effects can be parametrized as follows
mh.o.u = ω
5
16

 0 bu λ3 00 bu λ3 0
0 0 ω16 au

 λ 〈hu〉
+

 xu,11 λ xu,12 xu,13ω16 xu,11 λ+ xu,21 λ2 xu,12 + xu,22 λ xu,23
xu,31 λ xu,32 λ xu,33

 λ7 〈hu〉 , (85)
where xu,ij are complex order one numbers. Most importantly, the up quark mass is generated
1√
2
|(1− ω16)xu,11 − xu,21 λ| λ8 〈hu〉 , (86)
while the corrections to the charm and top quark mass are only minor
mh.o.c ≈
√
2
∣∣ω516 bu + xu,12 λ3∣∣ λ4 〈hu〉 and mh.o.t ≈ ∣∣ω616 au + xu,33 λ6∣∣ λ 〈hu〉 . (87)
The ratio between the up quark and the top quark mass is hence of order λ7 to λ8 and correctly
reproduced. We can also estimate the corrections to the contribution from the up quark sector to
quark mixing, arising from the higher order effects, by computing (U l.o.u )
T mh.o.u and find
θh.o.u,12 ≈ O(λ4) , θh.o.u,13 ≈ O(λ6) and θh.o.u,23 ≈ O(λ6) . (88)
Thus, the impact on the contribution to quark mixing due to higher order effects in the up quark
sector is negligible.
In the same vein, we also discuss the higher order contributions to the down quark mass matrix
md. In particular, the following higher order operators give non-zero contributions to the third
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column of md
wh.o.,1d =
1
Λ2
Qbc hd ψ
2 +
1
Λ3
Qbc hd ηu ψ
2
+
1
Λ4
Qbc hd φd η
3
u +
1
Λ5
Qbc hd χd φu κu η
2
u +
1
Λ4
Qbc hd χd φ
2
u ψ . (89)
The two operators in the first of line of this equation are crucial for the generation of the two smaller
quark mixing angles, especially the first one that contributes at relative order λ2 to the third column
of md is responsible for the correct size of θ
q
23, while the second operator that contributes at relative
order λ3 to md is the origin of the correct size of θ
q
13, see Eq. (95). In addition to these necessary
higher order operators, we display in the second line of Eq. (89) those that lead to contributions
larger than λ7 〈hd〉, when the leading order vacuum of the flavons is used. The first two operators
only correct the leading order parameter ad at relative order λ
3 and λ4, respectively, while the last
operator also induces corrections to the (13)- and (23)-elements of md. These are of order λ
6 〈hd〉
and we observe that the relative phase among the contribution to the (13)- and (23)-elements is ω916.
As expected, such correlation is lifted by contributions, arising at order λ7 〈hd〉. One such example
is given by the contribution, coming from an operator with the flavon combination χd φu κu η
3
u.
Evaluating the leading order operator in Eq. (68) with the shifted vacuum of the flavon φd, as
shown in Eqs. (21) and (22), we find that given the specific form and size of the shifts their effect
can be absorbed into the real parameters dd and ed.
Up to order λ7 〈hd〉 only the following four operators give non-vanishing contributions to the
second column of the down quark mass matrix, when the leading order vacuum of the flavons is
used. They read
wh.o.,2d =
1
Λ4
Qsc hd χd ηu ψ
2 +
1
Λ5
Qsc hd φd χd η
3
u
+
1
Λ6
Qsc hd φ
3
u κu ηu ξu +
1
Λ7
Qsc hd φ
3
u κ
3
u ηu . (90)
We see that all of them induce contributions of order λ7 〈hd〉. In detail, we find that the first
operator of these four leads to a non-vanishing (32)-element in md and, at the same time, corrects
the leading order parameter bd at relative order λ
3. Likewise, the second operator gives rise to a
correction of bd only. The third and fourth operators eventually contribute differently to the (12)-
and (22)-elements of md than the leading order term. In addition, we find that operators with the
flavon combinations φd χd ηu, φd χd η
2
u and χ
2
d φu ηu κu that could contribute at relative orders λ, λ
2
and λ3 with respect to the leading order contribution do not, when the leading order vacuum of the
flavons is used. Plugging the shifted vacuum of the flavons φd and χd, see Eqs. (21) and (22), into
the second operator in Eq. (68), yields contributions to the (12)- and (22)-elements of md of order
λ8 〈hd〉, which are subdominant, and contributions to the (32)-element of order λ7 〈hd〉, that are of
the same size as those, arising from the discussed higher order operators. Taking into account the
shifted vacuum of the flavon χd, when evaluating the leading order operator in Eq. (73),
8 we find
that the shifts give rise to corrections in all three elements of the second column of the matrix md
of order λ7 〈hd〉 and are thus of the same order as the contributions from the higher order operators
in Eq. (90). Finally, we note that also the two operators with flavon combinations φd χd ηu and
φd χd η
2
u lead to contributions of order λ
7 〈hd〉 to the elements of the second column of md, when
the shifts in the vacuum of the flavons φd and χd are considered.
Similar to the up quark mass, also the mass of the down quark is only generated with the help
of higher order operators. In the following, we focus on the operator
wh.o.,3d =
1
Λ3
Qdc hd φl ζ ψ (91)
that induces the down quark mass at order λ6 〈hd〉 by giving rise to non-vanishing contributions
to all three elements of the first column of the down quark mass matrix md. Remaining minor
8We remind that we do not consider any shifts to the leading order vacuum of the flavon ψ.
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correlations between these elements are lifted by contributions, arising at order λ7 〈hd〉 and coming
from e.g. the operator with the flavon combination φl ηu ζ ψ. The impact of the shifts in the vacuum
of the different flavons is in the case of the first column of the down quark mass matrix md and, in
particular, for the down quark mass only subdominant.
The down quark mass matrix is thus of the following form after the inclusion of the contributions
from higher order operators and the effects of shifts in the vacuum of the different flavons
mh.o.d =

 0 bd λ2 + ω716 cd λ4 00 ω16 bd λ2 + ω616 cd λ4 0
0 0 ad

 λ2 〈hd〉
+

 xd,11 λ2 xd,12 λ3 ω1316 (dd + ed λ) + xd,13 λ2xd,21 λ2 xd,22 λ3 ω1316 (dd − ed λ) + ω916 xd,13 λ2
xd,31 λ
2 xd,32 λ
3 0

 λ4 〈hd〉 , (92)
where the parameters dd and ed are real and of order one, while xd,ij are complex order one numbers.
The resulting down quark mass can be estimated as
1√
2
∣∣xd,11 + ω716 xd,21∣∣ λ6 〈hd〉 . (93)
For the corrections to the bottom quark mass, see Eq. (71), we find them to be of order λ6 〈hd〉,
while the strange quark mass, as shown in Eq. (80), is corrected at order λ7 in units of 〈hd〉. The
remaining mixing angles θq13 and θ
q
23 are determined by evaluating the third column of the quark
mixing matrix. Using U l.o.u in Eq. (66), we find that
(
U l.o.u
)†
vb with vb ≈

 −
ω516
ad
(dd + ed λ)λ
2
ω516
ad
(−dd + ed λ)λ2
1

 (94)
leads to
θq23 ≈
√
2
∣∣∣∣ddad
∣∣∣∣ λ2 and θq13 ≈ √2
∣∣∣∣ edad
∣∣∣∣ λ3 . (95)
As one can check, both mixing angles receive corrections at order λ4 that arise from e.g. the term
involving xd,13 in the third column of the down quark mass matrix, see Eq. (92).
Eventually, we compute the Jarlskog invariant JqCP. The simplest way is to calculate the deter-
minant of the commutator of mh.o.u (m
h.o.
u )
† and mh.o.d (m
h.o.
d )
† in Eqs. (85) and (92) and to divide it
by the quark masses, see Eq. (170) in appendix C. We find at the lowest order in λ
(JqCP)
l.o. ≈ sin
(π
8
) dd ed
|ad|2
λ5 , (96)
which nicely fits the experimentally measured size of JqCP for λ ≈ 0.2, JqCP = (3.18 ± 0.15)×10−5 [29].
Extracting the value of the CP phase δq we find
(sin δq)l.o. ≈ sign (dd ed) , (97)
which shows that the amount of CP violation in the quark sector results to be maximal at the
lowest order and its sign is fixed by the two real parameters dd and ed. We note furthermore that, if
these parameters were complex, the resulting Jarlskog invariant JqCP and sin δ
q would both depend
on the cosine of the difference of their phases. It is thus essential that these phases are as much as
possible determined by the residual symmetries and the form of the leading order vacuum of the
flavons. Indeed, it is very important that the leading order vacuum of both flavons ψ and ηu, see
the operators in the first line of Eq. (89), preserves CP. The largest correction to this lowest order
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result arises from the correction, encoded in the parameter xd,13 in the down quark mass matrix
mh.o.d , see Eq. (92), and reads
(JqCP)
h.o. ≈ sin
(π
8
) dd
|ad|2
(
ed −
|xd,13|
2
(
sin(arg(xd,13)− π/8) + sin arg(xd,13)
)
λ
)
λ5 , (98)
where the phase of the parameter xd,13 crucially depends on the one of the leading order vacuum
of the flavon χd, compare the last operator in the second line of Eq. (89).
The symmetry breaking in the third step occurs dominantly in the down quark sector, since
both smaller quark mixing angles are generated in this sector, see Eq. (95), while the corrections,
arising from the up quark sector, see Eq. (88), are negligible. According to the analysis of different
symmetry breaking scenarios given in [30], in such a case the amount of CP violation in the quark
sector is determined by the CP phases, contained in the unitary matrices, originating from the
second and third step of symmetry breaking. Since θd is of order λ
2, see Eq. (78), the phase ψd has
no impact on JqCP at the lowest non-trivial order and the latter mostly depends on the difference
of the phases, accompanying the two smaller mixing angles θd23 and θ
d
13. Since both parameters dd
and ed are real, this phase difference is 0 or π and only determines the sign, but not the size of J
q
CP,
see Eqs. (96) and (97). As explained above, the phases of these parameters depend on the leading
order vacuum of the flavons ψ and ηu in this model.
Like for leptons, we have performed a χ2 analysis in the quark sector, where we use the mass
matrices mh.o.u and m
h.o.
d in Eqs. (85) and (92) and all free parameters of order one (apart from the
Yukawa coupling responsible for the top quark mass). For quark masses taken from [36] (at a scale
1012GeV and for tan β = 10) and quark mixing and JqCP as found in [29] an excellent fit can be
achieved.9
5 Flavon Potential
In the following, we discuss the flavon potential that is responsible for the vacuum alignment of the
flavons, as shown in Eqs. (6) and (8), (9), (10), (14), (17) and (19), at leading order and corrections
to the latter, see Eqs. (21) and (22), arising at higher order. As mentioned in section 2, we make
use of a U(1)R symmetry and introduce additional fields, so-called driving fields, with U(1)R charge
+2, that only couple linearly to the flavons, see tables 3 and 4. The equations relevant for the
vacuum alignment are derived from the F -terms of these fields. As the flavor and CP symmetry are
supposed to be broken at high energies, where SUSY is still intact, the vanishing of the F -terms is
required in order to preserve the latter. We note that also the MSSM fields hu and hd can couple
to the driving fields and thus show up in their F -terms. However, possible terms involving hu and
hd are neglected in the following, since the vanishing of the F -terms is required at a scale much
higher than the electroweak scale. We do not discuss the F -terms of the flavons explicitly, but only
mention that their vanishing can be achieved for a vanishing vacuum of all driving fields.10
We present the vacuum alignment at leading order in section 5.1 and at higher order in sec-
tion 5.2. Section 5.3 comprises the alignment of the flavons φd and χd, where additional symmetries
beyond those, mentioned in Eq. (1), are necessary. In section 5.4 eventually we present ways to
achieve the fixed phases, appearing in the leading order vacuum of several flavons, see e.g. Eqs. (9)
and (14), and related to the preservation of CP, as well as possibilities to align the vacuum of the
flavons ψ and ζ, as shown in Eqs. (19) and (10), respectively. In doing so, we make use of operators
that arise from a specific UV completion.
9We neglect the small renormalization group effects on quark mixing in this χ2 analysis.
10Due to the U(1)R symmetry the µ-term has to involve one driving field and a certain number of flavons in this
model. As driving fields are assumed to have a vanishing vacuum, the µ-term will not be generated. However, it
has been shown in a globally SUSY A4 model [39] that taking into account soft SUSY breaking terms in the flavon
potential can induce a vacuum expectation value for the driving fields of the order of the soft SUSY breaking scale
and thus a non-zero µ-term can arise.
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σ0u χ
0
u σ˜
0
u χ˜
0
u σ
0
l σ˜
0
l χ
0
l
∆(384) 1 2 1 2 1 1 2
Z
(ext)
2 + + + − + + +
Z
(ext)
3 1 1 1 1 ω ω ω
Z
(ext)
16 ω
13
16 ω
13
16 1 ω
13
16 1 1 1
Table 3: Transformation properties of driving fields Summary of the transformation properties of the
driving fields under the flavor symmetry Gf = ∆(384)×Z(ext)2 ×Z(ext)3 ×Z(ext)16 . Their Z(ext)3 charge is given
in terms of the third root of unity ω = e2pi i/3 and the Z
(ext)
16 charge in terms of ω16 = e
2pi i/16. All fields in
this table have U(1)R charge +2.
5.1 Leading Order Results
The alignment of the vacuum of the flavons φl and χl closely follows [40]. Indeed, both flavons
are in unfaithful representations of ∆(384) and are faithful with respect to ∆(24) ≃ S4, contained
in ∆(384). Three driving fields are needed for the vacuum alignment: two singlets with the same
transformation properties under the symmetries of the model, σ0l ∼ (1,+, ω, 1) and σ˜0l ∼ (1,+, ω, 1),
and one doublet χ0l ∼ (2,+, ω, 1). They are listed in table 3 together with the other driving fields.
As σ0l and σ˜
0
l transform in the same way under all symmetries, we can define linear combinations
of them which either couple to the flavon φl or to χl. At the renormalizable level, that corresponds
to the leading order in this case, we have
wl.o.fl,l = αl σ
0
l χ
2
l + βl σ˜
0
l φ
2
l + γl χ
0
l χ
2
l + ω δl χ
0
l φ
2
l (99)
with all couplings αl, βl, γl and δl being real order one numbers. The F -term equations of the
driving fields read
∂wl.o.fl,l
∂σ0l
= αl χl,1 χl,2 = 0 and
∂wl.o.fl,l
∂σ˜0l
= βl
(
φ2l,1 + φ
2
l,2 + φ
2
l,3
)
= 0 (100)
as well as
∂wl.o.fl,l
∂χ0l,1
= γl χ
2
l,1 + δl
(
ω2 φ2l,1 + φ
2
l,2 + ω φ
2
l,3
)
= 0
and
∂wl.o.fl,l
∂χ0l,2
= γl χ
2
l,2 + δl
(
ω φ2l,1 + φ
2
l,2 + ω
2 φ2l,3
)
= 0 . (101)
Setting 〈χl,1〉 = 0 is one of the two solutions to the first equality in Eq. (100). Plugging this
into the first equality in Eq. (101), the resulting equality and the second one in Eq. (100) lead
to 〈φl,2〉2 = ω 〈φl,1〉2 and 〈φl,3〉2 = ω2 〈φl,1〉2 that is fulfilled by the leading order vacuum of φl,
see Eq. (6). The remaining second equality in Eq. (101) induces the following relation among the
parameters xχl and xφl
x2χl = −3ω2
δl
γl
x2φl . (102)
We thus expect both of them to be of the same order of magnitude, see Eq. (7). The parameter xφl
is in general complex, since CP is broken in the charged lepton sector. Apart from that it remains
undetermined and corresponds to a flat direction.
We continue with the alignment of the vacuum of the flavons φu and κu. For this purpose we add
two driving fields, σ0u and χ
0
u, to the model, see table 3. At the renormalizable level the following
couplings exist
wl.o.,1fl,u = αu σ
0
u φu κu + ω βu χ
0
u φu κu (103)
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with αu and βu being real order one parameters. The F -term equations read
∂wl.o.,1fl,u
∂σ0u
= αu
(
φu,1 κu,1 + φu,2 κu,2 + φu,3 κu,3
)
= 0 (104)
as well as
∂wl.o.,1fl,u
∂χ0u,1
= βu
(
ω2 φu,1 κu,1 + φu,2 κu,2 + ω φu,3 κu,3
)
= 0
and
∂wl.o.,1fl,u
∂χ0u,2
= βu
(
ω φu,1 κu,1 + φu,2 κu,2 + ω
2 φu,3 κu,3
)
= 0 . (105)
These equations are solved for the combinations φu,i κu,i, i = 1, 2, 3, all being vanishing. One of the
eight solutions is given by
〈φu,1〉 = 〈φu,2〉 = 〈κu,3〉 = 0 , (106)
which matches the structure of the desired leading order vacuum of the flavons φu and κu, see
Eqs. (14) and (8). The vacuum of the remaining components of φu and κu is not fixed and corre-
sponds to three flat directions. The equality of 〈κu,1〉 and 〈κu,2〉 is in the current model assumed,
while a possibility to determine the phase of 〈φu,3〉 and to relate the size of the latter to an explicit
mass scale is discussed in section 5.4.
An explanation of the non-vanishing of the leading order vacuum of all three components of the
flavon ηu together with fixing the scale of flavor symmetry breaking can be given by introducing a
driving field σ˜0u which is not only a gauge singlet, but also a singlet under the flavor symmetry Gf .
This field couples at leading order to ηu only
wl.o.,2fl,u =M
2
u σ˜
0
u +
1
Λ
γu σ˜
0
u η
3
u , (107)
with γu being a real order one coupling, and gives rise to the F -term equation
∂wl.o.,2fl,u
∂σ˜0u
=M2u +
1
Λ
γu ηu,1 ηu,2 ηu,3 = 0 . (108)
In order to achieve the size of the leading order vacuum of ηu, as expected in Eq. (13), we assume
that M2u ≃ λ3 Λ2. Furthermore, this shows that the product of the leading order vacuum 〈ηu,i〉,
i = 1, 2, 3, of the three components of the flavon ηu is real, compare Eq. (9). Ways to correlate the
latter further and to determine their phases are mentioned in section 5.4.
We can align the leading order vacuum of the flavon ξu and correlate its size with the one of the
vacuum of κu with the help of the driving field χ˜
0
u, see table 3. There are two relevant couplings at
leading order
wl.o.,3fl,u =
i ω
Λ
δu χ˜
0
u κu ηu ξu +
i ω
Λ2
ǫu χ˜
0
u κ
3
u ηu (109)
with δu and ǫu being real order one parameters. Note that both these couplings arise at the non-
renormalizable level. The resulting F -term equations of χ˜0u,i, i = 1, 2, are
∂wl.o.,3fl,u
∂χ˜0u,1
= −i
(
ω2 κu,1 ηu,1
(
δu ξu,1 +
ǫu
Λ
κ2u,1
)
+ κu,2 ηu,2
(
δu ξu,2 +
ǫu
Λ
κ2u,2
)
+ω κu,3 ηu,3
(
δu ξu,3 +
ǫu
Λ
κ2u,3
))
= 0 (110)
and
∂wl.o.,3fl,u
∂χ˜0u,2
= i
(
ω κu,1 ηu,1
(
δu ξu,1 +
ǫu
Λ
κ2u,1
)
+ κu,2 ηu,2
(
δu ξu,2 +
ǫu
Λ
κ2u,2
)
+ω2 κu,3 ηu,3
(
δu ξu,3 +
ǫu
Λ
κ2u,3
))
= 0 . (111)
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Assuming that the leading order vacuum of κu and ηu is already aligned, see Eqs. (106) and (108),
we find
〈ξu,1〉 = − ǫu
δu
〈κu,1〉2
Λ
and 〈ξu,2〉 = − ǫu
δu
〈κu,2〉2
Λ
. (112)
This shows that once the size of the leading order vacuum of κu is fixed to λΛ the size of 〈ξu,1〉 and
〈ξu,2〉 is expected to be λ2 Λ, as desired, see Eq. (16). Furthermore, it shows that the equality of
〈κu,1〉 and 〈κu,2〉 leads to 〈ξu,1〉 and 〈ξu,2〉 also being equal, compare Eq. (8). In addition, we note
that the fixed phases of the leading order vacuum, needed for the preservation of CP, see Eq. (8),
are compatible with the equalities in Eq. (112), as the parameters δu and ǫu are both real. In
contrast, the leading order vacuum of the third component of the flavon ξu remains unconstrained.
The phases of 〈ξu,1〉, 〈ξu,2〉 and 〈ξu,3〉 as well as their sizes are further correlated in section 5.4, see
Eq. (139).
5.2 Higher Order Results
We first discuss the higher order operators that are most relevant for the alignment of the vacuum
of the flavons χl and φl. These are
wh.o.fl,l =
1
Λ2
σ0l χl ηu ζ
2 +
1
Λ2
σ˜0l χl ηu ζ
2 +
1
Λ2
χ0l χl ηu ζ
2
+
1
Λ3
σ0l χ
2
l η
3
u +
1
Λ3
σ˜0l χ
2
l η
3
u +
1
Λ3
χ0l χ
2
l η
3
u
+
1
Λ3
σ0l φ
2
l η
3
u +
1
Λ3
σ˜0l φ
2
l η
3
u +
1
Λ3
χ0l φ
2
l η
3
u . (113)
Like for the higher order operators giving rise to contributions to the fermion mass matrices, we
do not specify the order one coefficients of the different operators and their phases needed for the
invariance under the CP symmetry of the theory. We also suppress the possibility of different
independent contractions corresponding to one higher order operator. The operators, shown in
Eq. (113), can give rise to contributions to the F -terms of σ0l , σ˜
0
l and χ
0
l,i, i = 1, 2, suppressed by
λ3 relative to those from the leading order terms in Eq. (99) that align the vacuum of the flavons
χl and φl. Indeed, all operators in the first line of Eq. (113) do so, while only the last one in the
second and third line of Eq. (113) leads to corrections to 〈χl〉 and 〈φl〉 in Eq. (6), when the leading
order vacuum of the flavons is plugged in. Setting the F -terms of σ0l , σ˜
0
l and χ
0
l,i including these
corrections to zero, we find that the vacuum of φl and χl at higher order reads
〈χl〉 =
(
δxχl,1
xχl + δxχl,2
)
and 〈φl〉 =


ω2
(
xφl + δxφl,1
)
ω
(
xφl + δxφl,2
)
xφl

 (114)
with |δxχl,i|
Λ
,
|δxφl,j |
Λ
≈ λ5 with i, j = 1, 2 (115)
and xφl remaining undetermined. The shifts are thus suppressed by λ
3 relative to the size of the
leading order vacuum, see Eq. (7), and their impact on the charged lepton mass matrix is only mild,
see details in section 3.2.
The higher order terms involving the driving fields σ0u and χ
0
u, that are most relevant for the
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form of the vacuum of φu and κu, are
wh.o.,1fl,u =
1
Λ3
σ0u χd φl η
2
u ζ +
1
Λ3
σ0u η
2
u ξ
2
u ψ +
1
Λ3
σ0u φd φ
2
u ξu ψ
+
1
Λ3
χ0u χd φl η
2
u ζ +
1
Λ3
χ0u η
2
u ξ
2
u ψ +
1
Λ3
χ0u φd φ
2
u ξu ψ +
1
Λ4
χ0u κ
2
u ξu η
2
u ψ +
1
Λ5
χ0u κ
4
u η
2
u ψ
+
1
Λ3
σ0u φu κu η
3
u +
1
Λ2
σ0u φd χ
2
d ψ +
1
Λ3
σ0u φ
3
l φu κu +
1
Λ3
σ0u φ
2
l χl φu κu
+
1
Λ3
σ0u χ
3
l φu κu +
1
Λ4
σ0u φd φu κu η
2
u ξu +
1
Λ4
σ0u κ
2
u η
2
u ξu ψ +
1
Λ4
σ0u φd φ
2
u κ
2
u ψ
+
1
Λ5
σ0u φd φu κ
3
u η
2
u +
1
Λ5
σ0u φ
2
u η
4
u ψ +
1
Λ5
σ0u κ
4
u η
2
u ψ +
1
Λ6
σ0u φu κu η
6
u
+
1
Λ3
χ0u φu κu η
3
u +
1
Λ2
χ0u φd χ
2
d ψ +
1
Λ3
χ0u φ
3
l φu κu +
1
Λ3
χ0u φ
2
l χl φu κu
+
1
Λ3
χ0u χ
3
l φu κu +
1
Λ4
χ0u φd φu κu η
2
u ξu +
1
Λ4
χ0u φd φ
2
u κ
2
u ψ
+
1
Λ5
χ0u φd φu κ
3
u η
2
u +
1
Λ5
χ0u φ
2
u η
4
u ψ +
1
Λ6
χ0u φu κu η
6
u . (116)
The operators listed in the first line of this equation give rise to non-zero contributions to the F -
term of σ0u, when the leading order vacuum of the flavons, involved in these operators, is plugged in.
These contributions correct the leading order vacuum of φu and κu and do so at relative order λ
6
with respect to the leading order vacuum. The operators, mentioned in the second line of Eq. (116),
also correct the leading order vacuum of φu and κu and do so at the same order as the operators
in the first line. The other operators instead cannot alter the leading order vacuum of φu and κu,
when evaluated with the leading order vacuum of the involved flavons. Including the effect of the
relevant higher order operators and solving the F -term equations of σ0u and χ
0
u, we determine the
shifts in the leading order vacuum of φu and κu to be
〈φu〉 = ω616

 δxφu,1δxφu,2
vφu

 and 〈κu〉 = ω316

 vκuvκu
δxκu,3

 (117)
with the size of δxφu,i, i = 1, 2, and δxκu,3 being
|δxφu,i|
Λ
,
|δxκu,3|
Λ
≈ λ7 with i = 1, 2 . (118)
The parameters vφu and vκu remain as flat directions. The in general complex shifts are thus
relatively suppressed by λ6 with respect to the size of the leading order vacuum, see Eqs. (15)
and (16). Consequently, they do not have any relevant impact on fermion masses and mixing, see
section 4.2 for details.
Higher order terms with more flavons that couple to the driving field σ˜0u lead to shifts in the
vacuum of ηu. These arise dominantly from the operators
wh.o.,2fl,u =
1
Λ4
σ˜0u η
6
u
+
1
Λ
σ˜0u φ
3
l +
1
Λ
σ˜0u φ
2
l χl +
1
Λ
σ˜0u χ
3
l +
1
Λ3
σ˜0u φd κ
2
u η
2
u
+
1
Λ2
σ˜0u φd φu κu ψ , (119)
that potentially lead to contributions to the F -term of the driving field σ˜0u at order λ
6Λ2. When
evaluated with the leading order vacuum, we find that the operator in the first line of the equation
gives rise to a real contribution and thus only rescales the product of the vacuum of the three
components of ηu, whereas the operators in the second line of Eq. (119) induce contributions with
non-trivial phases and thus correct the phases of the leading order vacuum of ηu. Lastly, the operator
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in the third line does not contribute, if we only consider the leading order vacuum of the involved
flavons. As a consequence, we can parametrize the vacuum of ηu at higher order as
〈ηu〉 = ω716

 −vηu,1 + δxηu,1vηu,1 + δxηu,2
ω1116 (vηu,2 + δxηu,3)

 (120)
where δxηu,i, i = 1, 2, 3, are in general complex and only a linear combination of them is determined
by the requirement that the F -term of σ˜0u vanishes after the inclusion of the contributions from the
higher order operators in Eq. (119). As generic size of δxηu,i, i = 1, 2, 3, we expect
|δxηu,i|
Λ
≈ λ4 , (121)
meaning that these are suppressed by λ3 relative to the leading order vacuum of ηu, see Eq. (13).
These shifts in the vacuum of ηu mainly induce corrections to the Majorana mass matrix of RH
neutrinos of the order λ6 Λ, see section 3.2 for details.
Also the correlation among the leading order vacuum of the flavons ξu and κu is affected by
higher order terms. The most relevant are
wh.o.,3fl,u =
1
Λ4
χ˜0u κu η
4
u ξu +
1
Λ5
χ˜0u κ
3
u η
4
u
+
1
Λ3
χ˜0u φd φ
3
u ψ +
1
Λ4
χ˜0u φd φ
2
u κu η
2
u +
1
Λ4
χ˜0u φd φ
3
u ηu ψ +
1
Λ5
χ˜0u φd φ
2
u κu η
3
u . (122)
Out of these terms only those in the first line of this equation give rise to non-vanishing contributions
to the F -terms of χ˜0u at order λ
7 Λ2, when the leading order vacuum of the involved flavons is plugged
in. If we use that the vacuum of κu takes at higher order the form as shown in Eq. (117), with vκu
being an undetermined, but fixed parameter and the size of the shift δxκu,3 like in Eq. (118), these
contributions induce shifts in the leading order vacuum of the field ξu, which are of the following
form and order
〈ξu〉 = ω616

 vξu,1 + δxξu,1vξu,1 + δxξu,2
ω616 vξu,2

 (123)
with |δxξu,i|
Λ
≈ λ5 , i = 1, 2 , (124)
being complex in general and vξu,1 and vξu,2 both still undetermined free parameters. In this way,
the shifts in the vacuum of ξu are suppressed by λ
3 relative to the leading order vacuum, compare
Eq. (16). As regards the effect of the shifts in the vacuum of the flavon ξu on fermion masses and
mixing we note that these are responsible for corrections to the diagonal elements of the Majorana
mass matrix of RH neutrinos of order λ5Λ and to the off-diagonal ones of order λ6Λ, see also
section 3.2.
5.3 Beyond Gf
In order to further advance with the construction of the flavon potential, we note that the leading
order operators, relevant for the successful description of lepton and quark mixing, as well as for
the generation of the correct order of magnitude of charged lepton masses, charm and top quark
mass, strange and bottom quark mass and heavy and light neutrino masses, see sections 3.1 and 4.1
and the operators in the first line of Eq. (89), possess large accidental symmetries that we promote
in the following at least partly to symmetries of the model. In this way, the number of operators
is much more constrained, meaning that also some of the higher order operators contributing to
the fermion mass matrices could become forbidden, although this is not necessary for the correct
description of fermion masses and mixing, as shown in sections 3 and 4.
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φ0d χ
0
d ξ
0
d
∆(384) 37 2 36
Z
(ext)
2 − + −
Z
(ext)
3 1 1 1
Z
(ext)
16 1 ω
10
16 ω
3
16
Z
(add),1
3 ω 1 1
Z
(add),2
3 1 ω ω
2
Table 4: Transformation properties of driving fields under additional symmetries Summary of the
transformation properties of the driving fields under the flavor symmetry Gf = ∆(384)×Z(ext)2 ×Z(ext)3 ×Z(ext)16
and the additional symmetries Z
(add),1
3 and Z
(add),2
3 . Their Z
(ext)
16 charge is given in terms of ω16 = e
2pi i/16
and the Z
(add),1
3 and Z
(add),2
3 charges in terms of the third root of unity ω = e
2pi i/3. The fields in this table
have U(1)R charge +2.
We can achieve the desired alignment of the leading order vacuum of the flavon φd with the help
of the additional Z3 symmetry, called Z
(add),1
3 in table 4, and the driving field φ
0
d ∼ (37,−, 1, 1) that
has the opposite charge as φd under Z
(add),1
3 , see tables 4 and 5. The relevant part of the flavon
potential reads
wl.o.,1fl,d = αd φ
0
d φd φu , (125)
where αd is real and of order one. The F -term equations are
∂wl.o.,1fl,d
∂φ0d,1
= αd
(
φd,2 φu,3 − φd,3 φu,2
)
= 0 ,
∂wl.o.,1fl,d
∂φ0d,2
= αd
(
− φd,1 φu,3 + φd,3 φu,1
)
= 0
and
∂wl.o.,1fl,d
∂φ0d,3
= αd
(
φd,1 φu,2 − φd,2 φu,1
)
= 0 . (126)
Using these and the leading order vacuum of φu that has already been aligned, see Eq. (106), we
find
〈φd,1〉 = 〈φd,2〉 = 0 and 〈φd,3〉 6= 0 (127)
with the latter remaining as flat direction. This is consistent with the desired form of the leading or-
der vacuum, shown in Eq. (17). We note that the non-trivial transformation properties of the flavon
φd under the additional symmetry Z
(add),1
3 entail that also the MSSM superfields s
c and bc must
carry a non-vanishing Z
(add),1
3 charge in order to maintain the operators in Eq. (68). Furthermore,
the flavon ψ also has to have a non-zero Z
(add),1
3 charge so that the operators in Eq. (73) and in the
first line of Eq. (89), that are responsible for the dominant correction of the Cabibbo angle and for
the generation of the two other quark mixing angles, respectively, are invariant. In addition, uc and
dc must transform non-trivially in order to generate the up quark and down quark mass with the
operators, shown in Eqs. (83) and (91), respectively. The information about the mentioned fields
carrying Z
(add),1
3 charge is collected in table 5.
At higher order further terms arise that contain the driving field φ0d. Those, that are also
invariant under the additional symmetry Z
(add),1
3 and whose contributions can be of order λ
8 Λ2 or
larger to the F -terms of φ0d, when the sizes of the leading order vacuum of the different flavons are
used, read as follows
wh.o.,1fl,d =
1
Λ
φ0d φu ψ
2 +
1
Λ4
φ0d φu η
3
u ψ
2 +
1
Λ2
φ0d φu ηu ψ
2
+
1
Λ3
φ0d φd φu η
3
u . (128)
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uc dc sc bc φd χd ψ
Z
(add),1
3 ω
2 ω2 ω ω ω2 1 ω
Z
(add),2
3 ω
2 1 ω2 1 1 ω 1
Table 5: Transformation properties of MSSM superfields and flavons under additional symme-
tries Summary of MSSM superfields and flavons, mentioned in tables 1 and 2, that also transform under the
additional symmetries Z
(add),1
3 and Z
(add),2
3 in order to achieve invariance of the relevant operators in the
fermion and flavon sector under the latter.
One can check that the first two operators in the first line of this equation induce the same type of
corrections to the leading order vacuum of φd. Those due to the second of the two are suppressed
relative to the ones from the first one by λ3. The last operator in this line of Eq. (128) also induces
corrections, but of a different form and at an order that is relatively suppressed by λ with respect
to those due to the first operator. The operator in the second line of Eq. (128) instead does not
lead to any corrections to the leading order vacuum of φd, since its contribution to the F -terms of
φ0d vanishes, when the leading order vacuum of the involved flavons is used. We thus find that the
vacuum of φd at higher order is of the form
〈φd〉 =

 δxφd,1δxφd,2
xφd


with
δxφd,1(2)
Λ
= ω1316 (aδφd + (−) bδφd λ) λ4 (129)
where aδφd and bδφd are real order one numbers and xφd is still undetermined. While the parameter
aδφd is sourced by the contributions coming from the first two operators in the first line of Eq. (128),
bδφd is due to the last operator in this line. These shifts are suppressed by λ
2 and λ3, respectively,
relative to the leading order vacuum of φd, see Eq. (18). It is important to notice that they are
crucial for the results in the down quark sector, since they lead to relevant contributions to the
down quark mass matrix. These are of the same form and size as those, arising from the operators
in the first line of Eq. (89), that generate the two quark mixing angles θq23 and θ
q
13. The dominant
effect of the shifts δxφd,1 and δxφd,2 on the down quark sector can thus be included in the real order
one parameters dd and ed, see Eq. (92). Additional contributions due to these shifts to the second
column of the down quark mass matrix are at maximum of order λ7 〈hd〉. They are thus of the
same size as those from higher order operators, see Eq. (90), and can be subsumed together with
these in the complex parameters xd,i2, i = 1, 2, 3, in the down quark mass matrix in Eq. (92). For
further details see section 4.2. We note that taking into account operators, contributing at even
higher order than the shown ones to the F -terms of the driving field φ0d, will lead to minor changes
in the form of the shifts δxφd,1 and δxφd,2 in Eq. (129), which do not have any relevant impact on
the results for fermion masses and mixing.
Finally, let us mention that the terms in Eqs. (125) and (128) are not only invariant under the
additional symmetry Z
(add),1
3 , but also under Z
(add),2
3 that we use in the following.
Similarly to the vacuum of the flavon φd, we can also align the vacuum of χd by introducing two
driving fields, χ0d and ξ
0
d. The latter two and χd are charged under an additional symmetry Z
(add),2
3 ,
see tables 4 and 5. The terms in the flavon potential, relevant at leading order, are
wl.o.,2fl,d = βd χ
0
d χ
2
d + γd ξ
0
d χd φu (130)
with both βd and γd being real order one parameters. The F -term equations of χ
0
d,i, i = 1, 2, and
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ξ0d,j, j = 1, 2, 3, read
∂wl.o.,2fl,d
∂χ0d,1
= βd
(
ω χd,3 χd,4 + χd,2 χd,5 + ω
2 χd,1 χd,6
)
= 0 ,
∂wl.o.,2fl,d
∂χ0d,2
= βd
(
ω2 χd,3 χd,4 + χd,2 χd,5 + ω χd,1 χd,6
)
= 0 (131)
as well as
∂wl.o.,2fl,d
∂ξ0d,1
= γd
(
χd,2 φu,2 − χd,4 φu,3
)
= 0 ,
∂wl.o.,2fl,d
∂ξ0d,2
= γd
(
χd,3 φu,3 − χd,6 φu,1
)
= 0
and
∂wl.o.,2fl,d
∂ξ0d,3
= γd
(
χd,1 φu,1 − χd,5 φu,2
)
= 0 . (132)
Using that the leading order vacuum of φu is already aligned, see Eq. (106), it follows from Eq. (132)
that
〈χd,3〉 = 〈χd,4〉 = 0 . (133)
Then, the equalities in Eq. (131) can be fulfilled by setting
〈χd,2〉 = 〈χd,6〉 = 0 , (134)
achieving the leading order vacuum of χd, as mentioned in Eq. (17), with 〈χd,1〉 and 〈χd,5〉 remaining
as flat directions. Ways to correlate these and to restrict their phases, compare Eq. (17), are
commented in section 5.4. In addition to the flavon χd and the driving fields χ
0
d and ξ
0
d, also s
c and
uc have to carry non-trivial Z
(add),2
3 charge such that the Yukawa terms in Eqs. (68), (73) and the
first operator in Eq. (83) are invariant, see table 5.
The leading order vacuum is corrected by terms arising at higher order. These terms are assumed
to be invariant under both additional symmetries Z
(add),1
3 and Z
(add),2
3 . We find as terms that can
induce contributions up to order λ8Λ2 to the F -terms of χ0d and ξ
0
d the following ones
11
wh.o.,2fl,d =
1
Λ
χ0d χ
2
d ηu +
1
Λ4
χ0d χ
2
d η
4
u
+
1
Λ2
ξ0d χd φu η
2
u +
1
Λ5
ξ0d χd φu η
5
u
+
1
Λ2
χ0d χ
2
d η
2
u +
1
Λ3
χ0d χ
2
d η
3
u
+
1
Λ
ξ0d χd φu ηu +
1
Λ3
ξ0d χd φu η
3
u +
1
Λ4
ξ0d χd φu η
4
u . (135)
Evaluating these terms by plugging in the leading order vacuum of the different flavons, we find
that only the operators, mentioned in the first and the second line of this equation, give rise to a
non-trivial contribution to the F -terms of χ0d and ξ
0
d. The contributions of both terms in the first
line of Eq. (135) lead to the same form of correction at relative order λ and λ4 to the F -terms of χ0d
with respect to the leading order term. Similarly, the two terms in the second line of the equation
give rise to the same form of correction at relative order λ2 and λ5 to the F -terms of ξ0d with respect
to the leading order term. Taking into account these corrections we find that the vacuum of the
flavon χd becomes
〈χd〉 =


xχd,1
δxχd,2
δxχd,3
δxχd,4
xχd,5
δxχd,6


(136)
11If we required the terms to be only invariant under the additional symmetry Z
(add),2
3 and not Z
(add),1
3 , there would
be four more terms: ξ0d φd χd φu ξu ηu, ξ
0
d χd κu ξu ηu ψ, ξ
0
d φd χd φu κ
2
u ηu and ξ
0
d χd κ
3
u ηu ψ. When evaluated with the
leading order vacuum of the involved flavons, none of them gives rise to a non-zero contribution to the F -terms of ξ0d.
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with xχd,1 and xχd,5 still parametrizing flat directions and
|δxχd,2|
Λ
,
|δxχd,6|
Λ
≈ λ3 and |δxχd,3|
Λ
,
|δxχd,4|
Λ
≈ λ4 (137)
and in general complex. These shifts are thus relatively suppressed by λ and λ2, respectively, to the
expected size of the leading order vacuum, see Eq. (18). Although this suppression is not large, the
dominant effect of the shifts in the vacuum of χd on fermion masses and mixing are contributions
to the second column of the down quark mass matrix that are of the order λ7 〈hd〉. These turn out
to have the same size as the contributions, stemming from the higher order operators in Eq. (90).
Consequently, the effect of the shifts in the vacuum of χd and the latter contributions are both
captured in the parameters xd,i2, i = 1, 2, 3, in the down quark mass matrix in Eq. (92) and only
have a minor impact on the down quark sector.
5.4 Towards UV Completion
In order to achieve the fixed phases in the leading order vacuum of the flavons that preserve a certain
CP symmetry, see e.g. Eqs. (9) and (14), and to align the leading order vacuum of the flavons ψ
and ζ like in Eqs. (19) and (10), respectively, we consider operators which arise from a particular
UV completion of the model. In the following, we thus specify part of the UV completion. As we
are interested in UV completions leading to certain operators in the flavon potential, we add heavy
fields with U(1)R charge 0 and +2, respectively. Upon integrating these out [41], we obtain the
desired higher-dimensional operator in the effective theory. We exemplify this with the operator
1
Λ2
σ¯0u
(
ξ4u,1 + ξ
4
u,2 + ξ
4
u,3
)
(138)
with σ¯0u ∼ (1,+, 1, ω816). Setting the F -term of σ¯0u to zero leads to a correlation among the leading
order vacuum of the different components of the flavon ξu as well as constrains their relative phase
〈ξu,3〉4 = −2 〈ξu,1〉4 = −2 〈ξu,2〉4
with the relative phase between 〈ξu,3〉 and 〈ξu,1〉 being ω2 i16 with i = 1, 3, 5, 7 . (139)
The two possibilities i = 3 and i = 7 are in accordance with the desired form of the leading
order vacuum of ξu, compare Eq. (8). In a UV completion this operator can be generated with
the help of the heavy fields Γ0 ∼ (34,+, 1, ω416) and Ω0 ∼ (36,+, 1, ω616) with U(1)R charge 0 and
Γ2 ∼ (34,+, 1, ω1216) and Ω2 ∼ (32,+, 1, ω1016) with U(1)R charge +2. The relevant (renormalizable)
terms in the UV completion are
wfl,UV = f1 Γ2 ξ
2
u + f2 Γ0Ω2 ξu + f3 σ¯
0
uΩ0 ξu + f4 σ¯
0
u Γ
2
0 +MΓ Γ0 Γ2 +MΩ Ω0Ω2 (140)
and, upon integrating out the heavy fields, we find
f1
MΓ
(f2 f3
MΩ
+
f1 f4
MΓ
)
σ¯0u ξ
4
u (141)
and thus reproduce the desired coupling in the effective theory, see Eq. (138).
Similarly, we can obtain as terms in the effective theory
1
Λ6
σ0ηu
(
η8u,1 + η
8
u,2 + η
8
u,3
)
+ σ0ηu M
2
ηu ,
1
Λ6
σ0φu
(
φ8u,1 + φ
8
u,2 + φ
8
u,3
)
+ σ0φu M
2
φu ,
1
Λ6
σ0d
((
χ4d,1 + χ
4
d,6
)2
+
(
χ4d,2 + χ
4
d,5
)2
+
(
χ4d,3 + χ
4
d,4
)2)
and
1
Λ4
σ0ζ ζ
2
1 ζ
2
2 ζ
2
3 + σ
0
ζ M
2
ζ (142)
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with the driving fields σ0ηu ∼ (1,+, 1, 1), σ0φu ∼ (1,+, 1, 1), σ0d ∼ (1,+, 1, ω816) and σ0ζ ∼ (1,+, 1, 1).
Note that σ0d also transforms with the charge ω under the additional symmetry Z
(add),2
3 . As one
can check, the vanishing of the F -terms of these driving fields constrains the phases of the leading
order vacuum of the different flavons, assuming that the F -term equations in sections 5.1-5.3 are
already fulfilled, and admit as one solution the desired phases, see Eqs. (9), (14), (17) and (10),
respectively. In addition, the F -term equations of σ0ηu , σ
0
φu
and σ0ζ constrain the vacuum of ηu, φu
and ζ to be non-trivial, respectively.
Beyond these we can also achieve the alignment of the leading order vacuum of the flavons ψ
and ζ with the help of higher-dimensional operators, stemming from an appropriate UV completion
of the theory. In particular, we can introduce the driving fields ψ0 ∼ (3−2 ,+, 1, 1) (ψ0 also carries
the charge ω under the additional symmetry Z
(add),1
3 ) and ζ
0 ∼ (3−4 ,+, ω, 1), admitting the terms
wfl,eff =
αeff
Λ
ψ0 ξu ψ
2 +
βeff
Λ5
ζ0 ζ4 φ3l (143)
in the effective theory. The parameters αeff and βeff are real order one numbers. Setting the F -terms
of ψ0 and ζ0 to zero, we arrive at the equations
∂wfl,eff
∂ψ01
=
αeff
Λ
(
ξu,2 ψ
2
3 − ξu,3 ψ22
)
= 0 ,
∂wfl,eff
∂ψ02
=
αeff
Λ
(
− ξu,1 ψ23 + ξu,3ψ21
)
= 0 ,
∂wfl,eff
∂ψ03
=
αeff
Λ
(
ξu,1 ψ
2
2 − ξu,2 ψ21
)
= 0 (144)
and
∂wfl,eff
∂ζ01
=
βeff
Λ5
(
ζ42 φl,3
(
φ2l,1 + φ
2
l,2 − φ2l,3
)
− ζ43 φl,2
(
φ2l,1 − φ2l,2 + φ2l,3
))
= 0 ,
∂wfl,eff
∂ζ02
=
βeff
Λ5
(
− ζ41 φl,3
(
φ2l,1 + φ
2
l,2 − φ2l,3
)
+ ζ43 φl,1
(
− φ2l,1 + φ2l,2 + φ2l,3
))
= 0 ,
∂wfl,eff
∂ζ03
=
βeff
Λ5
(
ζ41 φl,2
(
φ2l,1 − φ2l,2 + φ2l,3
)
− ζ42 φl,1
(
− φ2l,1 + φ2l,2 + φ2l,3
))
= 0 . (145)
While the former set together with the leading order vacuum of ξu being aligned correctly, see
Eq. (8), leads to an alignment of the vacuum of ψ in accordance with the one mentioned in Eq. (19),
if vξu,1 vξu,2 < 0, the latter set together with the leading order vacuum of φl, as in Eq. (6), gives rise
to 〈ζ1〉4 = 〈ζ2〉4 = 〈ζ3〉4. This is compatible with the desired leading order vacuum of ζ, compare
Eq. (10), with the additional restriction that vζ,1 = ±vζ,2. This restriction, however, does not have
any relevant impact on the phenomenology of fermion masses and mixing.
We note that in general couplings beyond those, needed in order to achieve the desired terms in
the effective theory, see Eqs. (142) and (143), can exist in the UV completion. These are, however,
either forbidden by the additional symmetries, introduced in section 5.3, or e.g. by a Z2 symmetry
ZH2 under which all heavy fields and the driving fields, displayed in this section, are odd.
12 Such
symmetry is then only broken by a single operator of a similar form as the first one in Eq. (140)
and possibly by an explicit mass term, see Eq. (142).
6 Summary and Outlook
We have constructed a SUSY model with the flavor symmetry ∆(384) and CP. All features of
lepton and quark mixing are successfully described by the stepwise breaking of the flavor and
CP symmetry. In particular, a Z3 symmetry is preserved in the charged lepton sector, a Klein
group and the CP symmetry in the neutrino and up quark sector, while a Z16 group remains
intact among down quarks after the first step of symmetry breaking. Lepton mixing is TB and
12In the UV completion, shown in Eq. (140), the fourth term would become forbidden. This, however, does not
have any relevant impact on the effective theory, as one can see from Eq. (141).
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the Cabibbo angle equals sinπ/16 ≈ 0.195 after this first step. In the second step, where the
residual symmetries in the neutrino and the down quark sector are reduced, both lepton mixing and
the Cabibbo angle are brought into full agreement with experimental data. The two smaller quark
mixing angles are only generated after the third step of symmetry breaking, which dominantly takes
place in the down quark sector. The three leptonic CP phases are all predicted, sin δl ≈ −0.936 and
| sinα| = | sin β| = 1/√2. The amount of CP violation in the quark sector turns out to be maximal
at lowest order and is appropriately corrected at higher order. The Jarlskog invariant JqCP crucially
depends on the vacuum expectation values of two flavons that preserve the CP symmetry. The
charged fermion mass hierarchies are also naturally achieved with the help of operators with different
numbers of flavons. Light neutrino masses, arising from the type-I seesaw mechanism, dominantly
depend on three independent parameters so that both mass orderings, normal and inverted, can
be accommodated. Higher order operators, contributing to the fermion mass matrices, only induce
minor corrections.
In order to preserve the different residual symmetries in the different sectors of the theory and
to engineer the different symmetry breaking steps, the vacuum of the different flavons has to be
aligned appropriately and protected from too large corrections due to higher order operators. We
have thus discussed in detail possibilities to construct a potential for the different flavons. While the
alignment of the vacuum of the flavons, responsible for the first step of symmetry breaking in the
charged lepton sector, is straightforward, that of the fields, involved in the first step of symmetry
breaking in the down quark sector, requires the existence of additional cyclic symmetries. The
symmetry breaking in the neutrino and up quark sector instead makes it necessary to consider
a specific UV completion for certain operators of the effective theory. Some of the challenges,
encountered in the construction of the flavon potential, can be traced back to the size of the flavor
group ∆(384), having 384 elements, and the number of inequivalent irreducible representations,
which is 24. In view of this, it would be interesting to explore alternative constructions to achieve
the desired symmetry breaking. One possibility is the breaking of the flavor and CP symmetry at
the boundaries of an extra dimension, analogous to the breaking of gauge symmetries. This has
been exemplified in [42] in a five-dimensional model for leptons and with a flavor symmetry of the
form X × ZN , where X = ∆(96) or ∆(384) and N = 3 have been analyzed explicitly.
As this model contains three RH neutrinos with masses larger than a few 1011GeV, the baryon
asymmetry of the Universe could be generated via the mechanism of unflavored leptogenesis. This
has been studied in a model-independent way in a scenario with three RH neutrinos and the flavor
symmetry ∆(3n2) or ∆(6n2), n ≥ 2, and CP in [43]. The analysis has shown that it is, indeed,
possible to achieve the correct size and sign of the baryon asymmetry of the Universe in this scenario.
It would thus be very interesting to investigate whether this is also possible in the present model.
In case it turns out to be impossible, one might consider the generation of the baryon asymmetry
of the Universe via flavored leptogenesis, compare [44,45].
In this work we have focussed on the fermion sector. In a SUSY model it is, however, also very
interesting to study the impact of a flavor and a CP symmetry on sfermions, i.e. the possibility to
constrain the soft SUSY breaking terms, soft mass matrices and A-terms, with the help of these
symmetries. This has been analyzed in different contexts and for different flavor symmetries, see
e.g. [46–48].
From the theoretical point of view it would also be very interesting to explore ways to embed the
present model into a theory with (partial) unification of the gauge groups. As the three generations
of the different types of elementary fermions do transform differently under the flavor group, see
table 1, this is, however, non-trivial. Possibilities to reconcile this fact with the (partial) unification
of the SM fermions into representations of the larger gauge group(s) are to consider models, in which
they share representations with new states that are vector-like under the SM gauge group, and/or
theories with an extra dimension of the size of the unification scale, in which the SM fermions can
arise as zero modes, compare e.g. [49].
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A Generators and Representations of ∆(384)
The group ∆(384) belongs to the series ∆(6n2), n integer, that is contained in SU(3). Its structure
can be described in terms of four generators a, b, c and d that fulfil the relations
a3 = e , b2 = e , c8 = e , d8 = e ,
(a b)2 = e , c d = d c , a c a−1 = c−1d−1 , a d a−1 = c , b c b−1 = d−1 , b d b−1 = c−1 (146)
with e being the neutral element of the group [13]. This group has irreducible one-, two-, three-
and six-dimensional representations. For the three generations of RH charged fermions we are in
particular interested in the trivial representation 1 and the non-trivial one-dimensional one 1− of
the group with
a(1) = b(1) = c(1) = d(1) = 1 ,
a(1−) = c(1−) = d(1−) = 1 and b(1−) = −1 . (147)
LH quark doublets and RH neutrinos are in the faithful complex three-dimensional representation
31 and its complex conjugate 37, respectively. In 31 the generators of ∆(384) read
a(31) =

 0 1 00 0 1
1 0 0

 , b(31) =

 0 0 10 1 0
1 0 0

 , c(31) =

 ω8 0 00 ω78 0
0 0 1

 (148)
and d(31) = a(31)
2c(31)a(31) with ω8 = e
2πi/8. In 37 they are represented by the complex conju-
gated matrices
a(37) = a(31)
⋆ , b(37) = b(31)
⋆ , c(37) = c(31)
⋆ and d(37) = d(31)
⋆ . (149)
LH lepton doublets are instead assigned to the unfaithful, real three-dimensional representation 34
with
a(34) =

 0 1 00 0 1
1 0 0

 , b(34) =

 0 0 10 1 0
1 0 0

 , c(34) =

 −1 0 00 −1 0
0 0 1

 , d(34) =

 1 0 00 −1 0
0 0 −1

 .
(150)
All irreducible three-dimensional representations 3i are accompanied by a representation 3
−
i , where
the sign of the representation matrix of the generator b is changed. These representation matrices
are taken from [13] with 31 corresponding to 31(1), 37 to 31(7) and 34 to 31(4), and those for the
other three-dimensional representations of ∆(384), not listed here, can be found there. We refer
to [50] for the matching of the seven irreducible six-dimensional representations 6i to those, shown
in [13], as well as for the representation matrices of the generators in 6i.
We note that all elements g of ∆(384) can be given in the form [13]
g = aα bβ cγ dδ with α = 0, 1, 2 , β = 0, 1 and 0 ≤ γ, δ ≤ 7 . (151)
In the following, we list the Clebsch Gordan coefficients, most frequently used, and refer for the
rest to the complete list, which can be found in [50]. For y ∼ 1(−) and z ∼ 3i with zj , j = 1, 2, 3,
being the components of the irreducible three-dimensional representation, we have
 y z1y z2
y z3

 ∼ 3(−)i . (152)
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If z ∼ 3−i , the form is the same, but the resulting three-dimensional representation is 3−i and 3i,
respectively. For y and z both transforming as two-dimensional representation 2 the covariant
combinations of the product read
y1 z2 + y2 z1 ∼ 1 , y1 z2 − y2 z1 ∼ 1− and
(
y2 z2
y1 z1
)
∼ 2 . (153)
If y ∼ 2 and z ∼ 3i, we have as covariants
 y1 z1 + ω2 y2 z1ω y1 z2 + ω y2 z2
ω2 y1 z3 + y2 z3

 ∼ 3i and

 y1 z1 − ω2 y2 z1ω y1 z2 − ω y2 z2
ω2 y1 z3 − y2 z3

 ∼ 3−
i
. (154)
If z ∼ 3−
i
, the first covariant transforms as 3−
i
, while the second one as 3i. For y ∼ 3(−)i and
z ∼ 3(−)j such that 3(−)i ×3(−)j contains the irreducible representations 1 and 2, the covariant forms
of the latter are
y1 z1 + y2 z2 + y3 z3 ∼ 1 and
(
y1 z1 + ω
2 y2 z2 + ω y3 z3
ω y1 z1 + ω
2 y2 z2 + y3 z3
)
∼ 2 . (155)
For the product of y and z both being in 34 we have as further covariant combinations
 y2 z3 + y3 z2y1 z3 + y3 z1
y1 z2 + y2 z1

 ∼ 34 and

 y2 z3 − y3 z2−y1 z3 + y3 z1
y1 z2 − y2 z1

 ∼ 3−4 . (156)
Furthermore, we have for y ∼ 34 and z ∼ 37

 y1 z1y2 z2
y3 z3

 ∼ 33 and


y2 z1
y3 z2
y1 z3
y2 z3
y1 z2
y3 z1


∼ 63 (157)
as well as for y and z both in 37
 y2 z3 + y3 z2y1 z3 + y3 z1
y1 z2 + y2 z1

 ∼ 31 ,

 y2 z3 − y3 z2−y1 z3 + y3 z1
y1 z2 − y2 z1

 ∼ 3−1 and

 y1 z1y2 z2
y3 z3

 ∼ 36 . (158)
In case both y and z transform as 32 (35) instead the covariants have the same form as given in
Eq. (158), with, however, the first of them transforming as 36 (33), the second one as 3
−
6 (3
−
3 )
and the third one as 34 (32). Eventually, we also display some of the covariant combinations for
products, involving the six-dimensional representation 61, namely for y ∼ 3−7 and z ∼ 61 the
covariant combination transforming as 32 is
 y2 z2 − y3 z4−y1 z6 + y3 z3
y1 z1 − y2 z5

 ∼ 32 (159)
as well as the form of the covariant combinations 1 and 2, contained in the product of y, z ∼ 61,
reads
y1 z6 + y2 z5 + y3 z4 + y4 z3 + y5 z2 + y6 z1 ∼ 1 ,(
ω (y1 z6 + y6 z1) + y2 z5 + y5 z2 + ω
2 (y3 z4 + y4 z3)
ω2 (y1 z6 + y6 z1) + y2 z5 + y5 z2 + ω (y3 z4 + y4 z3)
)
∼ 2 ,(
ω (−y1 z6 + y6 z1)− y2 z5 + y5 z2 + ω2 (−y3 z4 + y4 z3)
ω2 (y1 z6 − y6 z1) + y2 z5 − y5 z2 + ω (y3 z4 − y4 z3)
)
∼ 2 . (160)
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B Choice of CP Symmetry and CP Transformation
As discussed in [8–11], in a theory with a flavor symmetry the CP symmetry should correspond to
an automorphism of the flavor group. In the following, we use as automorphisms the ones composed
by
a → a , b → b , c → c−1 and d → d−1 (161)
and the group transformation c4+s d2 s with 0 ≤ s ≤ 7 [18]. The CP transformations representing
the CP symmetries in the different representations r of ∆(384) we are interested in are all given
by complex symmetric matrices of the dimension of r. They act in general non-trivially in flavor
space. The CP transformation X0 induced by the automorphism in Eq. (161) reads as follows in
the different representations r
X0(1) = X0(1
−) = 1 , X0(2) =
(
0 1
1 0
)
, X0(3i) = X0(3
−
i ) =

 1 0 00 1 0
0 0 1

 ,
X0(6i) =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


with i = 1, ..., 7 . (162)
The CP transformationX(r)(s), arising from the conjugation with the group transformation c4+s d2 s,
then reads
X(r)(s) = c(r)4+s d(r)2 sX0(r) (163)
and fulfils the consistency condition for all elements g [8–11]
(X(r)(s)−1 g(r)X(r)(s))⋆ = g′(r) (164)
for some element g′ of ∆(384) with g(r) and g′(r) representing the elements g and g′ in r. In the
model we choose the parameter s as s = 7 so that the relevant CP transformation is X(r)(7) in
the representation r. As we require the residual symmetry Gν,1 = Gu in the neutrino and up quark
sector, respectively, to be the direct product of a Klein group Z2 × Z2, contained in ∆(384),13 and
the CP symmetry, the following relations have to be fulfilled in all representations r
X(r)(7)Z1(r)
⋆ − Z1(r)X(r)(7) = 0 and X(r)(7)Z2(r)⋆ − Z2(r)X(r)(7) = 0 (165)
where Z1,2(r) are the two generators a b and c
4 of the Klein group in the representation r. Conse-
quently, also Gν,2 = Z2 × CP with a b c4 being the Z2 generator is the direct product of the latter
and CP.
As the underlying theory is invariant under a CP symmetry, constraints on the Clebsch Gordan
coefficients arise. Most of them are constrained to have a real overall factor, while the overall
factor of the Clebsch Gordan coefficients of the following covariant combinations of products of
representations is imaginary
2 = 2× 1− , 1− ∈ 2× 2 , (6i)1 ∈ 2× 6i ,
(2)1 ∈ 61 × 61 , 62 × 65 , 63 × 64 , 66 × 66 , 67 × 67 , (166)
where (6i)1 indicates one of the two covariants of the form 6i contained in the product 2× 6i and
similarly (2)1 in the products 6i × 6j for i, j such that the product contains 2, see [50] for the exact
form of the covariants (6i)1 and (2)1. Furthermore, the combination 3i in 2× 3i and 3−i in 2× 3−i
carry as phase ω2, while 3−
i
in 2×3i and 3i in 2×3−i carry as phase i ω2. Likewise, the combination
13The external symmetries Z
(ext)
2 and Z
(ext)
16 are irrelevant in this discussion.
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2, contained in the products 31 × 37, 3−1 × 3−7 , 32 × 36, 3−2 × 3−6 , 33 × 35, 3−3 × 3−5 , 34 × 34 and
3−4 × 3−4 , comes with the phase ω, whereas 2 in the products 31 × 3−7 , 3−1 × 37, 32 × 3−6 , 3−2 × 36,
33 × 3−5 , 3−3 × 35 and 34 × 3−4 is accompanied by the phase i ω. When discussing the leading
order operators, relevant for fermion mass matrices and the flavon potential, we show such phases
explicitly, compare e.g. Eqs. (23) and (99).
C Conventions for Fermion Mixing Angles and CP Invariants
In this appendix we fix our conventions for fermion mixing angles and for the CP invariants JCP, I1
and I2.
The quark mixing matrix VCKM is parametrized according to the conventions of the Particle
Data Group [29]
VCKM =

 c12c13 s12c13 s13e−iδ−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13

 (167)
with sij = sin θij and cij = cos θij. The mixing angles θij range from 0 to π/2 and the CP phase δ
can take values between 0 and 2π. For the lepton mixing matrix UPMNS we use as parametrization
UPMNS = U˜(θij, δ) diag(1, e
iα/2, ei(β/2+δ)) (168)
with U˜(θij , δ) being parametrized like the quark mixing matrix in Eq. (167). The Majorana phases
α and β can both take values between 0 and 2π.
The Jarlskog invariant JCP reads [51]
JCP = Im [U11U
⋆
13U
⋆
31U33] =
1
8
sin 2θ12 sin 2θ23 sin 2θ13 cos θ13 sin δ (169)
for U being either the quark or the lepton mixing matrix. A simple way to compute JqCP in the
quark sector is to consider the determinant of the commutator of the matrix combinations mum
†
u
and mdm
†
d of up quark and down quark mass matrices mu and md, respectively, and to divide this
result by the quark masses [52]
det
[
mum
†
u,mdm
†
d
]
= −2 i JqCP
(
m2d −m2s
) (
m2d −m2b
) (
m2s −m2b
) (
m2u −m2c
) (
m2u −m2t
) (
m2c −m2t
)
.(170)
Invariants, similar to JCP, called I1 and I2, can be defined, that depend on the Majorana phases α
and β [53] (see also [54–56]),
I1 = Im[U
2
PMNS,12(U
⋆
PMNS,11)
2] = sin2 θ12 cos
2 θ12 cos
4 θ13 sinα
and I2 = Im[U
2
PMNS,13(U
⋆
PMNS,11)
2] = sin2 θ13 cos
2 θ12 cos
2 θ13 sinβ . (171)
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